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Abstract:

The following solution was found using meditative techniques. The problem of arching of beams
for dead load and live load is presented for infinite beams under an elastic media sitting on
columns. The problem starts by solving the biharmonic equation using Fourier series. The
solution presented is for a uniform load and gravity load. Other potential solution is architected
at the end of the article. Charts and tables for simple span beam and fixed span beam is presented
for an infinite elastic media and a finite elastic media with a given height. This problem has
never been solved before.

Introduction:

The ancient problem of curved beams arching, explored by the Greeks and Romans, is applied,
in this paper, to a straight beam instead of an arch. The following solution offers a new insight
into the phenomenon of a straight beam behaving as an arch. Using finite element (FE), one
observes the arching action when looking at the load distribution of a stress diagram. How,
though, can FE be used to find the reductions in moment and shear due to the redistribution of
the dead and live loads caused by arching? This dilemma is especially apparent in the analysis of
concrete because FE does not accept reinforcing rebar; instead, 3-D analysis is needed.
Additionally, modeling becomes very cumbersome if FE analysis must be performed for every
beam in a structure. It would be much more productive if one knew the arching factors
beforehand. Elasticity will allow the exploration of this phenomenon in all materials, including
soils (for small strains).

In a previous paper, the problem was solved with an infinite soil or material on top of a beam in
one bay, or infinite bay (see http://www.facsystems.com/LAGGING.pdf). If bricks are
substituted for soil, steel channel for wood lagging, and columns for soldier piles, then it can be
concluded that more arching reduction would result as the columns become thicker.
Additionally, the shear reduction factor is different than the bending moment reduction factor.
The solution in that paper is very precise with less than 2% difference between the results
calculated using the reduction factors and those calculated directly. Utilizing the substitutions
above, we will explore a confined soil or material, on top of a beam, of which the material ends
at a distance / above the beam. We will also assume a live load on top of the material. Future
research will explore the arching of materials without a beam at the bottom, including wide
flange steel beams.

This paper represents the latest iteration of a thought process initiated during my master’s Thesis
in which I proposed a correction to an error by W. D. Liam Finn, PhD, in his paper, "Boundary
Value Problems of Soil Mechanics.” My goal was to modify his method to prove the existence of
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arching. The conclusion was discovering the arching factors for wood lagging in shoring walls.
There was an error in differentiating the deflection, however, because the deflection, expressed
as a Fourier series, was calculated by taking the fourth derivative of the series. This represented
an error in the boundary condition because differentiating a Fourier series is not allowed.
Furthermore, ignoring the load on top of the pile by taking a Fourier series on the lagging only
was incorrect because the load on top of the pile affects the arching and should be considered.
Regardless of the error, though, the master’s Thesis mathematically proves the existence of
arching.

The thesis error was corrected in the article cited above. It is evident from the collocation
function method how to arrive at the solution by integrating the stress to equate the deflection.
What is not clear, however, is how to utilize the Fourier series representation to obtain the exact
deflection. Further research is needed. In the foregoing analysis, the exact solution would be
easier to implement than the collocation function.

This paper, for which the master’s thesis research and the web article paved the road, will
evaluate the infinite bay solution instead of the one bay solution, which are similar when using
the Fourier Transform instead of the Fourier series.

Keeping in mind that if there is no deflection, as in rigid beam, then there is no arching and the
full load must be taken into account, we start with the phi function in elasticity as a solution to
the biharmonic equation:

D= i%cos anx[(A +Ba,y)e™ +(C+ Dany)e’“”y] .......................................... 1
n=¢ an

Where x and y are the coordinates axis and 4, B, C and D are constant and at n =¢ isatn — 0

but divide by 2 as in the Fourier cosine series first term. ax s a function of n, «, = P Where
+1

2b is the bay width and 2¢ is the column width as in Fig. 1. Thus, the stress is
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2 )
o, = (qu) = —Z cosa x[(A +Ba,y)e™ +(C+ Dany)e_“”y]

At y = h there is the live load -g expressed as a Fourier series = an COST, X evrinninnannnnnn.

Thus:

(A+Ba,h)e™ +(C+Da,h)e ™" = =W, \ieiiiiiiiiiee e 4

Or
A= —(C+Dayh)e 2% — Bap,h — wpe ™/

Now

Tyy = axa Z sinay x[(A+ B + Bayy)e® + (—C + D — Dayy)e ] ............6

We will assume the shear is zero at y = A, thus from Eq. 6 yields:



(A+ B+ Bayh)e®™ + (—=C+ D —Da,h)e ™" =0 ... 7
(—(C + Dayh)e™2%" — Ba,h — wye~ " + B + Ba,h)e" + (—C + D — Dayh)e " = 0
(—=(C + Dayh)e~2%nt — w, e=h + B)e®™! + (—C + D — Da,h)e " =0

(+B)e + (—C + D — Dayh)e™*" = (C + Dayh)e™ " + w,

Be%" = —(—=C + D — Da,h)e™* " + (C + Da,h)e™*" + w,

Substituting Eq. 5 in Eq. 7 and solve for B yields:
B = (2C — D + 2Da,h)e 2% 4w el e, 8

Substitute Eq. 8 in Eq. 5 yields:
A =—(C + Dayh)e 2" —[(2C — D + 2Da,h)e™2%" + w, e~/ |a, h — w, e~ %"
A=—(C+2Cayh+2Da2h®)e 2% — w, (aph+ 1)e™ " i, 9

We will assume at y = 0 the shear is zero, thus from Eq. 6 yields

At B = C Dm0 e, 10

—(C + 2Canh + 2Da2h?)e 2% — w, (a,h + 1e~%" + (2C — D + 2Da,h)e~ 2"
+wpe ™' —C+D=0

—(C + 2Cay h)e 2%/ 4 2Ce~20 — ¢
= —D + 2Da2h*e 2%k 4 De=2anh _ 2D he =2t 4w, (a,h + 1)e~ )
— wye %k

[—(1 + 2a,h)e 2" 4+ 2¢72%0 — 1]C
= [-1+ 2a2h*e 2wl 4 =20 — 2 he~2%h|D + wy,a, he =%

Substitute Eq. 8 and Eq. 9 in Eq. 10 and solve for C yields:

_—1+(l-2a,h+ 20207 by ahe

e 11
(1-2a,h)e " -1 (-2a,h)e*" -1 "
Let
C = CuD - WyaWy o 12
Where
=1+ (1 - 2aph + 2a2h%)e 2ot . 2a2h*e 2l
tn = (1— 2a,h)e 2%k — 1 T A= 2a ez — 1
At h =0 Cn = 1
And



B a, he %k
(1 - 2a,h)e2anh — 1

Wh3

Substitute Eq. 12 in Eq. 9 and solve for 4 yields:
A=—([1+ 2a,h][c,D + wyzwy] + 2Da’h*)e=2%" —w, (ap,h + 1)e~ %"

o D B S I

Where

an = —[cn(1 + 2a,h) + 2a2h?|e~20nh

Ath=wa,=0
And
W1 = —Wps(1 + 2a,h)e 2% — (1 + a,h)e %"

Substitute Eq. 12 in Eq. 8 yields:
B = DD 4 Wya Wy e 14
Where

b, = [2¢c, — 1 + 2a,h]e2%n"

Ath=w0b,=0

And
an - 2Wn3€_2a”h + e_a”h
So, 4, B and C are functions of D. Now we seek to find D.

To find D we need to find the deflection, the strain in the y direction is:

2
L=y and p = V(l hl V) for plain strain and g = EL and p = L for plain

N s s s

stress, v is Poison’s ration and E is the elastic modulus of the material on top of the beam and




- Z cosa, x[(A+ Ba,y)e®™ + (C + Da,y)e ™ ™Y] —p (1 - %)

n=

<

= — Z cos a, x[(a,D + wyw,, + (b,D + wow,)a,y)e Y

n=¢
+ (cpD + wyswy, + Dapy)e Y] —p (1 - %) et et e e e e e eee e e e 16
920 . y
Oy = 37 = Z cosa, x[(A+ 2B + Ba,y)e®™ + (C — 2D + Da,y)e *nY]

cos a, x[(A+ Ba,y)e*Y + (C + Da, y)e Y]

o0

n=¢

_ y
2 Z cos a, x[Be™Y — De~"Y]| — pk, (1 - E)
n=

o, = ko Z cos a, x[(a,D + kowp wy, + (b, D + kow,ow,)a,y)e* Y

+ (¢, D + koqwpswy, + Da,y)e™ Y]

+ 2k, Z cos ap x[(b,D + kowpwy)e* Y — De™%Y] —pk, (1 - %) e 17
n=¢
Tyy = axa Z sina, x[(A+ B + Ba,y)e*Y + (—=C + D — Da, y)e %nY]

sina, x[(a,D + wyw,, + b, D + wyow,, + (b,D + w,,w,)a,y)e Y
@

0

n

+ (_(CnD + Wpswy) + D — Dany)e_any]

o0
Ty = Z sina, x[(a, + by)D + wy Wy, + Wyow,, + (b, D + wyowy)a,y)e Y

+ (—(cp — 1D — wyzw,, — Dayy)e ™) vt e e .. 18

ko = % this is because we have the strain &x is zero everywhere or the beam has infinite moment

of inertia. This is necessary to include the contact shear as described in




http://www.facsystems.com/Contact.pdf Where the self-weight being p (1 - %) We assume the

contact surface of the live load on the mass media is a rough surface. If it is a smooth surface ko

= 1.0 but for the self-weight k, = 2 .

B

Thus:

e, == A= p(A+2B)™ + (= f - p)Bya,e™ +[- fC~ p(C-2D)e™ +(~ f - p)Dya,e™

Note: the summation sign and cose,x is not shown for simplicity.

But

. = oV (x)
y ay

Then

P = p- pA 4 2B = (- = p)BE 4 (- - p)Bre
[ BC - plC-2D) (- p= p)D (- - p)Dye ™ + g(x)

Aty =h —o0 and w, =0, V(x) = 0 thus g(x) = 0 Note: A4, B de-solves the equation to zero.

Aty =0 we have:

“—B(4-B-C-D)-p(4+B-C+D)
n=¢ a

Vo(x) =

n

AtC=Dand 4 =0 and B =0 at 4 —oo we have:

Vy(x) = Z 24D cosa,x matching the equation in the article at
n=¢ an
http://www.facsystems.com/LAGGING.pdf.

Substitute Eq. 12, 13 and 14 in Eq. 21 yields:

.. 20



:_Z a {[ﬁ(an_bn_cn_1)+p(an+bn_cn+1)]D+,B(Wn1_wn2_Wn3)Wn

n=¢ +p(Wn1 + Wno — Wn3)Wn}
...... 20
Vo (x) g
CcoS a, X p
i e & {[(an - bn —Cp — 1) +E(an + bn —Cpn + 1)]D + (Wnl — Wpa — Wn3)Wn
— n
p
n=¢ +E (Wnl + Wha — WnS)Wn}
z Vp COS Oy X
n=¢
Bcos a, x p
i a—n{[(an - bn —Cp — 1) +E(an + bn —Cn + 1)] D+ (Wnl — Wp2o — WnS)Wn
- _ n
p
n=¢ + ,E (Wnl + Wno — Wn3)Wn}
Ann _ p
- ,3 - (an_bn_cn_1)+E(an+bn_cn+1) D+(Wn1_Wn2_Wn3)Wn
p
+ E (Wnl + Who — WnB)Wn
Vo(x) = z Vp COS Oy X
n=¢
where v, = bij.ob vo(A)cosa,AdA and vo(A) = Vo is the deflection
+t
Thus
a,U.
nﬁ I+ (Wnl — Wno — Wn3)Wn + [Bg (Wnl + Wha — Wn3)Wn
D =— .22

(an—bn—cn—1)+%(an+bn—cn+1)

o, @y =0 from Eq. 2 and Eq. 16 yields:

0y = —Yn=pC0say x(A+ C) = = Y7_,cos ap x[(a, + cy)D + (W1 + wyz)w,] —p

Substitute Eq. 22 in 23 yields:



N k
gy = — Z COS ap X (—n anv, + Wn) =D e e e e e 24
n=¢

B
And p is the self-weight.
Where:
a, +c,
k. = —
n dn
and

(an + Cn) (Wnl — Wn2 — WnS)Wn + %(Wnl + Wha — Wn3)Wn ( )
W, = — + (w 1 +w 3 )W,
" (an—bn—cn—1)+%(an+bn—cn+1) " e

And

p

dn:(an_bn_cn_l)‘l'ﬁ

(ap+ b, —cp+1)

Now from equation 10
A+B—-C+D=0=a,D+wyw, +b,D+wpw, —c,D—wysw, +D =0

a, +b,—c,+1=0

And
Wp1+ Wy —wWp3 =0
Thus
a, v
nﬁ L4 (Wnl — Wpo — Wn3)Wn
D=-— ..25
(an_bn_cn_l)
And
(a, + cpn) Wy — Wyp — Wyz)W,
W, = ——= (zn _7271 — c: — 1)n 2 (Wt F Wyz) Wy e eee et eee e e 26
And
Ay = Ay — Dy — Cp = 1 e et s e et et e e e et e e e e e e e e 27
Since at y=0




b+t
J:) o,dx = —p(b+t)—q(b+t)

Then the n = 0 first coefficient drops and # starts at 1 for k» factor since it does not involve wx.
For example, if ¢ = 0, then the equation must hold for all n. We will use a parabola collocation

function
vy (z)=-di0 [1-(x/b)?*]

where 0=5sb*p/(24EI) for dead loads, and 6=5sb*q/(24EI) for live loads. The charts will be for
dead load only and live load only and d is a dimensional constant and will vary with 4. Thus,

4
=— dlé[ 13sinanb— ! cosa b] ....................................................... 28
b+t

" b’a ba

n n

It is clear that at n—0 v, = —%d ,0b and at n = 0 in the left term of in Eq. 24 is zero and the first

term drops. For the live load:

2

~ 3 sinay(b+t—10) ... .29

b+t-1
Wn = f q cos a, AddA =
0

(b +ay,
q
w, =———(b+1t-1
’ b+t ( )
Rearrange for the stress functions:

cos a, x[(a,D + ww,, + (b,D + w,ow,)a,y)e Y

[e¢]

o, = —
n=¢
_a y
+ (cyD + wyswy, + Dayy)e Y] —p (1 - E)
D= 030
Bd,  dy
Where:
W1, = (Wp1 — Wiz = Wig)Wy ee e cen eee e en eeeeee e eeeeee e e 2231

The full stress functions will be addressed later, Now at y = 0.
where / is a small negligible distance.

Thus, the shear is:

10



S kn W
f oydx = — Z sina, x (Fvn + a—n) Sl 2 S /2

Note: n starts at 1 since Wx as o — o0 is a finite number. Thus, the shear goes to infinity at n = 0,
but, since the shear is finite and equal to p(b+¢) + g(b+¢), n = 0 drops. Conversely, the constant
of integration will de-solve it to have the shear as an odd function.

The shear reduction for dead load is:

sina, b <kn )
b B 129 s

NgE

R, =
1

S
1l

The shear reduction for live load is:

- sina, b W,
n=1 n
The moment is
= k,v, W, x?
oydx = z cos ap X ( + > p—=—+C1l. PP 15
- Baxn 2
n=1
Where C1 is a constant of integration, the moment reduction for dead load is:
< (1 =cosayb) (k,v,
mn 0.5pb? Ba,
n=1
The moment reduction for live load is:
R, = Z (1 —=cosa,b) (knvn %) e
0.5qb? Ba, a2

S
1l
=

See Fig 2 and 3 for arching reductions
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Note:

Rv

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

DL Shear Reduction

¢

—e—RvDL

hi(b+t)

Rm

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

DL Moment Reduction

hi(t+b)

Figure 2 — Two Plots of the Reduction Factors due to Arching for DL
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Note:

1.2
1
0.8
04
0.2
0

0 0.5 1 15

LL Shear Reduction

0.08
0.06
0.04
0.02

>
[
hi(b+t)
LL Moment Reduction
0.18
0.16
0.14
0.12
£ 0.1
[

-
0 0.5 1 1.5

hi(b+t)

Figure 3 — Two Plots of the Reduction Factors due to Arching for LL
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Figure 4 shows the mechanics underling the loading.
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Figure 4 — When cut to an arch the load path and pressure diagram is exposed
If the removed portion is put back the arch does not disappear
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Closed form solution #1 simple span lagging with /4 = co:

Starting with at C =D and 4 =0 and B =0 at # —oo we have:

> 2D . . .
V,(x)= P cosa,x matching the equation in the article at
0 a n
n=¢ n

http://www.facsystems.com/LAGGING.pdf

We have the stress and reaction yields:

o Sy Uy

0y|y=0 = —Z 20 cosap X —p —b<x<h i 38
n=1
= S, Uy, b

0y|y=0=—z 25 cosanx+p? b<x<b+t .........39

n=1

In the past we forced the deflection under the column to be zero which gave infinite stress at the
corners or at x ==+ b. In here we do it from stress requirements. It can be seen by setting 1/B =0 or
water the stress it -p at the lagging in the region -b <x < b and pb/t reaction at the column. This is
necessary so the summation of forces to be zero. Where, -p is in 1b/ft and the stress is in strip s =
width of lagging board in the z-direction or thickness of the plate. The reaction at the column is
portrait as positive it does not mean tension the final solution at the column must be reversed or
multiplied by -1 to show compression at the column resulting in increased stress at the corners. This
will limit the solution since when #/b is large the stress at the column from the lagging is limited to
the bearing area at the corners of the column and does not approach zero. However, the stress has an
average of pb/t so the stress at the column is not uniform we assume smaller z. The stress -p at the
column is not shown since the reaction will cancel it out with p.

It was found from the above article that at #/b > 0.5 the deflection at the column can be zero for all
0.5 < /b < o and the solution is that of #/b = 0.5 can be used as a conservative solution #/» > 0.5. The
moment reduction its around 2.2% over and 15.5% under for shear reduction this percentage will be
found in the following solution. The stress at x = 0 match very closely 4 = 16.53 verses 16.5 gives
zero pressure. The reason of this difference is the stress in the past article at x = b is infinitely
negative or compressive and does not have a value but the stress. However, in the new solution it has
a value and makes more sense and the deflection at the column corners is not quite zero. So, I would
trust the new following solution. Note at x = 0 both stress and moment are very close in both
solutions.

The shear yields:

%
jay = —Zz—lgsinanx—px —b <X <D i 40

n=1
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v,
f Z_,B ina, x+p (x— —t) b<x<b+t .o ....41
n:

The coefficient of integration is zero since the shear is zero at x = 0. We can rewrite in Fourier
sine series in the interval -b-f < x < b+t where the line in the left side of the equation has an
active shear with slope -p in -b <x < b and a reactive shear at the columns with a slope pb/t for
equilibrium. So, when differentiating over the entire x domain we obtain active pressure -p for
arching and a reactive pressure pb/t for the column reaction. If b = ¢ there is a load -p at

the column there is a reaction equal p for that load, and they cancel each other out. This is
necessary allowing downward deflection at lagging and upward deflection at columns. Thus,
when multiplying the stress by the distances to obtain the forces in the y direction the summation
of forces is zero see Figure 5, yields

b / b+t
X
R
Figure 5, Saw tooth shear or rotation
. p
the saw toothis = — TZ sm an X
n=1
f _ - Sv, pi na, 42
oy = 2,8 —sina, x . o2 sm Oy X e e e e e e e e e e e e e s
n=1
The moment yields
ff Z + pismanb +C2 43
oy, = T COS Ay X 3 CoS Ay X
n=1
When vn = 0 or B = oo as in water then at x = b the moment is zero and
2p sina, b b?
C2=—— —cosanb— DP—=—M—=DSXZD it e A4
t ] al 2
n=

The rotation yields
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SV, pZ na,
— +C2 S 3
fff 2/3 — 5 Sina,x + e 2, o smanx X

The coefficient of integration is zero since the rotation slope is zero at x = 0. We can rewrite in
Fourier sine series in the interval -b-¢ < x < b+t where the line C2x has an active slope with
moment C2 in -b <x < b and a reactive slope at the columns with a moment -C2 b/¢ so there is a
finite rotation value at x =+ b and the rotation at x = ¢ is C2b/t x t = C2b under the column and
it is a saw tooth function. This is necessary for compatibility when the moment of inertia is the
same for the beam and the column allowing downward deflection at lagging and upward
deflection at columns such that the involuntary parabolic deflection of the moment C2 in -b <x <
b is met with a reverse parabolic deflection in -b — 2¢ <x <-b and b <x <b+2¢ and so on giving
a wavy deflection with compatibility slope at b = ¢. Also, when differentiating over the entire x
domain we obtain active moment C2 for arching and a reactive moment for the column -C2
when b = ¢t and have equilibrium. Part of the reason of doing the saw tooth because in equation
24 we restricted the deflection to be zero at the columns where in here we did not we let it be
controlled by the moment on inertia, see Figure 5, yields.

- 2p sina, b 202 « nan
jﬂ.ay 7l Z smanx+ Z—smanx+ Z sina, x| ....46

n=1 n=1
In here / is the same in the region -b <x < b then of the region -6 — 2t <x <-band b <x < b+2t
the columns have large moment of inertia and the rotation and deflection is practically zero in
that region when the deflection is derived it will be shown it is practically zero at the column
when the rotation compatibility is not required. This is also true when ¢ is infinite the slope is
zero in that region under the column with 1/B =0 or water. We leave the solution generic
knowing the solution in each region is different and require substituting the proper moment of
inertia. This solution will not affect the deflection at the lagging and does not change the
moments, shear and stress since we require the moment to be zero at x =+ b.

Finally, the deflection yields

(o]
Vo
Uy COS Ay X + >

n=1

T El

Z s
n
2C2 b

OO
— cosa, x + C4
t Z al "

n=1

oo
sin an
cos a, x—— ————cosa, X

2 a
na,

47

C4 and v0/2 cancel and solve for vn yields:

17



s 2psina, b 2C2sina, b
Uy, [EI + 3] =—— — — R TR TR TTRIRRPRIPURRRE 2
20 a;, t a, t a,
Or
2psina, b  2C2sina,b
t a’ + t as
v, = — L < o ..49
El + —2,6’ ]
2psina, b 2C2 . h
C4 vy, 1 y t a2 T sinay b I 2pB p ¥t cosa,b pB(b+t)b
—=—==zlim- = —lim =
El 2 2 n=0 Ela3 + = n=0 ts 2 2n mtsn
2p (b + )2
_ p2BEIb+t)b*  pb+t)b* 50
B 2mtsb3EIn 2mtAEIn B
PR 51
- ZBEI WEE EEE EESE EEE EEE EEE NS EEE EEW SEE NS EEE SEE EAN EEE NEE EEN EEE EEE NEE NEE EEE W

This can happen if the deflection is not defined at x = +b. So, we set n to start from 1 and vO is
found from C4 when the deflection set equal zero at +b.
B is in 1/KSI and p is Kip/inch thus vO dimension is in inch. Substitute vn in the moment

2psina, b | 2C2sina, b

S st 5 t 3 2p < sina, b
o, = — n In cosanx+—p " cosa,x +C2..52
Y 20 a El + —> t al
n=1 " n=1 n

2B ap

Or
L 2psina, b  2C2sina, b w
t 3 t a 2 sina, b
ffay:—z ag TP & cosanx+sz oSy X + €2 .o oo ... 53
n=1 —B S In +1 n=1 %n

At x = b the moment is zero and solve for C2 and the closed from solution is obtained.
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L 2psina,b -
t 3 2 sina, b
——Zﬁcosanb+$z " —cosa, b+ C2
n=1%+1 n=1 In

o Zsmanb

—-C2 Z COS Ay D v it s et et vt et e et e e et e vee e e e wne e DA
ZBEI 2pElay 4
2psina, b
t 3
- \2FE @ a cosanb+ Zn 1smanbcosanb
S n+1 Tl
C2 = Zsinay b R o1
w L _a B
ne 12/3E1 e cosa,b—1
+1
S
Or
2BEl a3 2psina, b 2BEI 2p
Zoo S t a% b Zoo S T nanb b
n=1""pE] an+1 cos ay, n=1"2BE] an+1 cos ay,
€2 = 5 = S e eeer 56
2sina, b 2sina, b
o t a, _ o t a, _
n=125F] n+1cosanb 1 n=135E] n+1cosanb 1
S S
2PEI 4b .
. g sinayb
Yn=1 2B B cosa, b F —sina, b
c2 —p 9n 41 Y= e cosa, b
0.5pb? 2sinay b - 2bsinay, b #:57
o t «a ba
n=12,8E1 b323 COSOlnb—l Azn 1ﬁcosanb—1
—spr 1
4sina b 4 b
© T n sin a,,
Z”“ETTCOS an b Y= 1WCOS a, b
c2 (1+1")3+A B (1+F)3+A
2 i -
0.5pb 2(1-["_” sina, b 2(1+T) sina, b
AYY COE N cosa,b—1 AYo, CE N cosa,b—T
a+retA [CETVERE:

Finally, with I'= #/b:
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4sina, b

2= 1W+ACOS an b
2 _ A+ ,
5=
0.5pb } 2(1+1) smﬂc:ln b
A ol cosa,b—T
a4
The following solution is in the region -b <x <b
The Moment becomes at x = 0:
Substitute vn in the shear we have,
L 2psina, b  2C2sina, b
t 3 t a 2 sina,, b
Mzﬁayz—z n n p .59
2BEl a; a’
= +1
S
" @sinanb_l_ 2C2b sina, b w
M R Z t b3a3 0.5b%t ba, N 4b sina, b N Cc2 60
—2 = = - 3 - 3 3 Qe eeeees
0.5pb e 2,8[4;1 an | 4 t & b3a;  0.5b
The Moment reduction becomes
. 4b2BEl ajsina, b  2C2b sina, b
B Z t S b3a3 0.5pb%t ba, C2 61
- ZﬁEI a?l 0.5pb2 WEE EEE EEE EER o REE EEE EEE owmEE
n= — t 1
o 4b2PEI sina, b 2C2b sinayb
T 3 0.5pbh%t b C2
Rm = 5 s T 30 opb7t b + QEppZ e e 62
n=1 —'8 S In +1 =P
o 4. b— 2AC2 sinayb
T3 ? = 05ph2T bay, c2
Rm = Z 3 + S e s s s s s s e s 63
a (mn) + A 0.5pb
n=t (1+71)3

Finally, the Moment reduction at x = 0 becomes
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: C2 1+7) .
1< 4sina, b — 2A (0.5pb2)( po )smanb C?
Rm =<
r (mn)3 44
n=t (1+1)3

FOgpp?

.64

Note: the maximum moment may not be at x = 0 depending on 4

Rm Table 1 for different t/b
[=0.001 =0.1 =0.2 [=0.3 =0.4 =0.5

1 1 1 1 1 1

0.807309 | 0.775713 | 0.752687 | 0.734192 | 0.718501 | 0.704682

0.672642 | 0.629316 | 0.599158 | 0.575732 | 0.556381 | 0.539728

0.573373 | 0.526407 | 0.494745 | 0.470694 | 0.45117 | 0.434613

0.49728 | 0.450234 | 0.41925 | 0.396083 | 0.3775 | 0.361901

0.437181 | 0.391665 | 0.36221 | 0.340437 | 0.323123 | 0.308697

0.388581 | 0.345297 | 0.317659 | 0.297405 | 0.281402 | 0.268142

0.348521 | 0.307729 | 0.281952 | 0.263184 | 0.248426 | 0.236251

0.314975 | 0.276715 | 0.252731 | 0.235355 | 0.221743 | 0.210551

0.286509 | 0.250709 | 0.228407 | 0.212311 | 0.199737 | 0.189426

0.26208 | 0.228617 | 0.20787 | 0.192939 | 0.1813 | 0.171777

0.240909 | 0.209639 | 0.190319 | 0.176445 | 0.165647 | 0.156827

0.222407 | 0.193178 | 0.175164 | 0.162248 | 0.152207 | 0.144017

0.206116 | 0.17878 | 0.16196 | 0.149911 | 0.140553 | 0.132928

0.191678 | 0.166093 | 0.150364 | 0.139103 | 0.130361 | 0.123246

0.178805 | 0.15484 | 0.140109 | 0.129565 | 0.121382 | 0.114727
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Rm (y-axis) Verses A (x-axis)
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Substitute vn in the shear

Zpsmanb 2C2 o
+ sina, b 2p = sina, b

t . .
fay Z sina, x —— S SINAR X v e 65
Z,BEI a’ 1 t L ap

The shear reduction becomes at x = b:

w 2bsinay, b  2bC2

+ sina, b 2

%4 t a2zb? 2 2b sina, b
—=Rv=-— b tpb sina,b+— ) ———sina,b ......66
—pb 2BEI b3a3 2p?

n=1 T”'F 1 n=1 n
2bsina, b | 2bC2 o

4 ot azbn2 + tpb2 sinay b 2bC sina, b

_—b=Rv=—z 'é T sinanb+722—bzsinanb ......... 67
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N %(1 +)° Sl(r;rfl;zb + l“zpcbz2 sin ay b 2 sina, b
Rv=—AZ sina,b+=(1+T)? ) ———sina,b
(mn)? r (n)?
n=1 a+n? +A =1
© %(1 +I)? Sin anzb + 2622 sina, b
Rv =—-A Z (mn) [pb sina, b
(mn)?
n=1 m +A
24 sina, b . 1
+?(1 + F)Z —(nn)z sina, b ()3 A
, 1+0)3
2 (mn)® sina, b | 1
+F(1+F)2(1+F)3 ) sina, b HCi ) ..68
a+r3
Finally, the shear reduction at x = b* becomes
" C2
_lz a + F) O.5pb2 sina, bsina, b* ...... e e vee et viv ee .. 69
r _(mn)3
n=1 (1 K +A
Rv Table 2 for different t/b b=b*
A [=0.001 =0.1 =0.2 =0.3 =0.4 =0.5
0 0.9949295 | 0.9999387 | 0.9999635 | 0.9999715 | 0.9999752 | 0.9999772
2 0.9924688 | 0.9153313 | 0.8729995 | 0.8426343 | 0.8185008 | 0.7981535
4 0.9906877 | 0.8588505 | 0.7926728 | 0.7472143 | 0.7122938 | 0.68369
6 0.9893228 | 0.8181177 | 0.7368287 | 0.6826747 | 0.6420409 | 0.6094085
8 0.9882319 | 0.787103 | 0.6954463 | 0.6357757 | 0.5917738 | 0.5569488
10 0.9873312 | 0.7625172 | 0.6633309 | 0.5999157 | 0.5537789 | 0.5176781
12 0.9865682 | 0.7424127 | 0.6375201 | 0.5714337 | 0.5238727 | 0.4870007
14 0.9859085 | 0.7255623 0.6162 0.5481348 | 0.4995886 | 0.4622441
16 0.9853283 | 0.7111541 | 0.5981976 | 0.5286231 | 0.4793775 | 0.4417476
18 0.9848108 | 0.6986291 | 0.5827204 | 0.5119674 | 0.462217 | 0.4244241
20 0.9843438 | 0.6875899 | 0.5692132 | 0.4975229 | 0.4474048 | 0.4095321
22 0.983918 | 0.6777457 | 0.5572753 | 0.4848283 | 0.434442 | 0.3965477
24 0.9835265 | 0.668879 | 0.5466101 | 0.4735448 | 0.4229646 | 0.3850901
26 0.9831639 | 0.6608234 | 0.5369933 | 0.463418 | 0.4127001 | 0.374876
28 0.9828259 | 0.6534498 | 0.5282518 | 0.4542525 | 0.4034407 | 0.3656896
30 0.982509 | 0.6466561 | 0.52025 | 0.4458963 | 0.3950249 | 0.3573639
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Rv (y-axis) verses A (x-axis)
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Again, when [ is very large or infinite, we get the saw tooth shear and we have equilibrium. The
stress is

w ZTp51naanb+262an sm(zcnb 2 o sina, b
oy, = Z ”2 T3 COS @t X = —= COS Ay X vrvveeeeveere e o 70
n=1 % +1 n=1 n

Again, when [ is very large or infinite we get the step stress -p and pb/t necessary stress for
equilibrium on the lagging and columns. At x = 0 the stress is

» 2psina, b sman o
- _ZT a, +2C2ay pz sina, b -
y - 3 e WE EEs EEE SEE EES EEE EEE EEE EEE EEE AR EEE o m oW
2pEId; t L
S
Or
(1+F) mm Cc2
sft 1+ T)0.5ph?
—(aty—Oandx—O)— f Z m (3+) P sina,b—1..... 72
T _(mn)3 44
(a+n3

Where f# is the tension in the center of lagging. When 4 is large, we rewrite from the shear:
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mn C2

sft 120+ A0sppz ™
== 3 SINAp b v v v 73
p TL (mn) + A 1+D)
=t @+
sft_1§: c2__m cz__. -
> T 1 05pbZ(1+T) sina, b =0 as 05ppz = O v
n=

Or when the solid is rigid the stress is zero. The stress becomes tension for some 4 but when 4 is
large there is zero stress. Thus sf#/p has a maximum positive tension value see table below. As

when 4 = 0 its water.

sft/p

t/b Amax max Rm Rv
0.001 47.2 0.303748 | 0.108182 | 0.980359

0.1 47.85 0.206469 | 0.092543 | 0.602219

0.2 48.6 0.159955 | 0.082332 | 0.467557

0.3 49.35 0.131517 | 0.074818 | 0.390102

0.4 50.05 0.111985 | 0.068959 | 0.338085

0.5 50.85 0.097733 | 0.064001 | 0.300147

For the condition where sft/p is zero for soils see table below.
t/b Amax Stress Rm Rv
0.001 11.515 6.21E-05 0.399488 | 0.986743

0.1 13.07 4.6E-05 0.324267 | 0.733052
0.2 14.18 -5.6E-05 0.279084 | 0.614458
0.3 15.08 9.59E-07 0.247479 | 0.537196
0.4 15.85 6.26E-05 0.223566 | 0.480777
0.5 16.53 9.06E-05 0.20456 | 0.436883
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sFt/p Table 3 for different t/b

A =0.001 =01 =0.2 N=0.3 =04 =0.5
0 -1 -1 -1 -1 -1 -1

2 -0.665 -0.65291 | -0.64134 | -0.63083 | -0.62123 | -0.61234
4 -0.43619 | -0.43123 | -0.42323 | -0.41506 | -0.40722 | -0.39978
6 -0.27194 | -0.27935 | -0.27852 | -0.27542 | -0.27154 | -0.26739
8 -0.14978 | -0.1702 | -0.17685 | -0.17896 | -0.1791 | -0.17825

10 -0.05652 | -0.08904 | -0.10249 | -0.10929 | -0.11299 | -0.11501
12 0.016105 | -0.02714 | -0.04651 | -0.05732 | -0.06403 | -0.06845
14 0.073516 | 0.020962 | -0.00343 | -0.01761 | -0.02683 | -0.03324
16 0.119423 | 0.058891 | 0.030265 | 0.013281 | 0.001987 | -0.00606
18 0.156446 | 0.089122 | 0.056953 | 0.037639 | 0.024634 | 0.015253
20 0.186489 | 0.113411 | 0.078286 | 0.057045 | 0.042633 | 0.032159
22 0.210965 | 0.133033 | 0.095453 | 0.072622 | 0.057054 | 0.04569
24 0.230946 | 0.148938 | 0.109327 | 0.085189 | 0.068676 | 0.056587
26 0.247257 | 0.161844 | 0.120564 | 0.095357 | 0.078074 | 0.0654

28 0.260544 | 0.172309 | 0.129665 | 0.103591 | 0.085685 | 0.072541
30 0.271321 | 0.180764 | 0.137019 | 0.110248 | 0.091845 | 0.078328

SFt/p (y-axis) Verses A (x-axis)
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0.2

(=
v
=
(5}

20 25 30 35
-0.2

-0.4

sFt/p

-0.6

-0.8

-1.2

—[=0.001 =01 =02 r=03 —Il=04 ——l=05

In the following graph the pressure on the lagging is shown positive to see how the distribution is
for various x/b and the reaction is shown.
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Stress and reaction at = 0.1, A =13.07 for x/b

9

V% 8 V%

7

Stress

-1.5 -1 -0.5 0 0.5 1
-1
x/b

Stress and reaction at = 0.5, A =16.53 for x/b

1.6

1.4

1.2

1

0.8

Stress

0.6

0.4

0.2

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-0.2
x/b

We seek to find the deflection when starting from » = 1 we have
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2psina, b + 2C2sina, b

o = t arSL t a?l
n
El + ———=
23 an
- w 2P 1nanb+2C251nanb
2. D
cos ay x = CoS ap X
n=1 =1 ZB TL
W 2psinay b + 2C2sina, b
El v(x) El Z t  a) t  a
=— COS Ay X
Spb* 5pb* L El + —— "
24 24 "= 2 ax
» 2psinay, b | 2C2 .
El v(x) 1 ~t a2 T ¢ Snab
Spb*  5pb ). s 5, b oS ¥
24 24 n=1 ban + 75F7
w 2sinayb  2C2 .
Elv(x) 1 th a2 + tpp S n b
Spbt _EZ b3 + 4 S tn X
24 241 ;
o 2 Sinay, c2 .
El v(x) 1 2(1+D) )2 + 05pb? sina, b
5pb7 = _EZ )’ ) COSAp X wevvveveee . 75
24 qn=t (1+1)3

Also, the deflection should go more negative to account for the deflection of the column which is
PL/AE. Where P is the reaction equal to -2pb — 2pt. Also, we have the requirement to have the
relative deflection to be zero at x =+ b to calculate the constant of integration C4. Rewrite the
equations with these criteria: We have the deflection:

w ,A+D? (2
Elv(x 1 2 2
% = ﬁz (n(n;n)g 0.5pb (cosa,x —cosa, b)sina, b ..........76
24 7™ @arptA

To verify the constant coefficient of the Fourier series we have:
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- . © 9 (1+T1)? C2
v 5pb* 1 mn)? 0.5pb? .
7O=b_+t v(x)dx=_24Elb+tz ( (n)n)3 p (=(+t)cosa, b)sina, b

0 - _\nn)-

w (D2 C2
S5pb* (tn)?  0.5pb? .
REyYT COE (— cosa, b)sina, b
n=1 (1+—F)3 + A

And it is verified and is defined not infinite.

[ =0.001

Deflection coefficient Table 4 for different A at x=0

=0.1

=0.2

=0.3

=04

=0.5

1

1

1

1

1

1

0.8252038

0.7908272

0.7662538

0.7467072

0.7302261

0.715774

0.7025856

0.653851

0.6207229

0.5952991

0.5744631

0.556631

0.6118157

0.5572023

0.5214101

0.4946146

0.4730689

0.454923

0.5419117

0.4853627

0.449325

0.4228341

0.4018235

0.384331

0.4864201

0.4298704

0.3946272

0.3690826

0.349032

0.332484

0.4413

0.3857187

0.351708

0.3273322

0.308355

0.2928

0.4038919

0.3497559

0.3171366

0.2939724

0.2760578

0.261457

0.372374

0.3198991

0.2886964

0.2667087

0.2497977

0.236081

0.3454565

0.2947164

0.2648917

0.244013

0.2280303

0.21512

0.3222005

0.2731911

0.2446764

0.2248286

0.2096965

0.197518

0.3019064

0.2545813

0.2272973

0.2084011

0.1940457

0.18253

0.284042

0.2383332

0.2121978

0.1941777

0.180531

0.169616

0.2681955

0.2240246

0.1989581

0.181744

0.1687446

0.158375

0.2540431

0.2113284

0.1872555

0.1707833

0.1583762

0.148504

0.241327

0.1999871

0.1768377

0.1610495

0.1491856

0.139768
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Deflection Coefficient at x=0 (y-axis) verses A (x-axis)
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In the following graph the deflection coefficient on the lagging is shown positive at the lagging
to see how the distribution is for various x/b. We see the deflection at the column is practically
zero for /b =10.1.

0/00 at =0.1 and A =13.07

0.4

6/60

-1.5 1.5

-0.05

-0.1
x/b
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0/00 atl =0.5and A =16.53

0.25

0/60

-2.5 2.5

-0.15
x/b

Note: in the above chart the deflection at the column has a much larger moment of inertia so when
C 5pb* . . . .
multiplying by — % the deflection is practically zero and match the previous article the

compatibility of rotation is not required. The deflection at the center of lagging is shown at x = 0.
However, if we define zero deflection at x = + (b + ¢) instead of +b and offset the chart, we see
that the corners of the column deflect downward because of bearing. Allowing deflection at the
column theoretically gives less arching since the more we have a ridged column, as zero
deflection, the load will go to the stiffer column and reduce the load on the lagging or more
arching. So, the presented solution in this article is more realistic. However, the deflection does
not take into account the moment of inertia of the elastic media, so it is conservative. But for a
media such as soils where tension is not allowed it is accurate and useful.

Finally, the rotation equation is:

o sina, b C2 .
El v'(x) 3 2(1+70) — 05phZ (A +1) sina, b .
— == sina, x ........77
p_b3 T (mn)3 + A
n=t (1+1)3

Finn [3] shows that the presence of friction between soil and wall requires a minor change in the
stress function, due to ex= 0, which leads to

o, = -D [—+a ] e %Y cosaxdd ......ooeviui i ... 78
Y jo B+p Y
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Solving for D shows that the solution has the same form as in the frictionless case but 1/(2f) is
replaced by 25/[(3/3 - p )(# + p )]. Thus, may be used, if 4 is calculated as

43% sb3 l

~GB—p)(B +p) |2BEI .79

The conditions here are slightly different from those addressed by Finn [3] since &x is not quite
zero. Thus, is not strictly valid, however it acts as an upper bound on 4, and so is useful. We can
consider the lagging or the beam to be glued to the mass media such that tension will act upward
on the beam in the plain stress problem. Thus, in plain stress we have:

For a rough surface we have:

Sb3E; 80
(3—v)(1+v) 2EI .
For a smooth surface we have:
_ sb3E 81
~ 2EI h
In plain strain we have:
For a rough surface we have:
4 -v)A-v»)[ sb’E, 82
T B-4v)1+v) |21 —Vv2EI "
For a smooth surface we have:
_ sb’E 83
- 2(1 _ VZ)EI SEE EEE EEE EEE EEE EEE EES EES EES EEE EEE EEE EEE SN EEE EEE EEE EEE EEE
Once D is found the stresses at g = 0 and /& = oo are:
——ZDcosa x<1+ e X)e‘“ny— 84
n d+)b D e et e e e et e e e e e e e e
n=¢
,sinay, b c2 .
-~ pd,  2BEIT (mn)s .,
(1+71)3
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2sina, b C2

o SOl _ sp?  an |22 +D) n)? + 0.5pb2 sina, b
=" Bd, " PBEI4T1+T @y’
(1+70)3
d, = -2
2 1+D 4T C2
A 1+7T)0.5ph?
D= —-p= m 1+0)05p 300 2 200, PP o 13
r (mn)3 + A
(1+10)3
S moY\ ., S .
oy = kg Z Dcosanx(l + 1+ F)E)e nY — 2k, Z De™*nY cosay, x — kop ... ov vn ... .86
n=¢ n=¢
Tyy = — Z a,Dye Y sina, x
n=¢
— mn Dy —anY gj 87
Tyy = — TrrP5¢ ) o o 2 SRR
n=¢

Example 1:

We have a 4 ft x 4 ft opening to be install in a dam powerhouse for a mechanical duct. The wall
is concrete 30 ft high and 3 ft thick. We can assume that qualify for an infinite height and can use
the above solution with plain stress. Note at y = 0 we have o, = 0, /k,

b= 2 ft 4 ft opening
t= 1 ft S= 3 ft
Concrete 150 pcf at the powerhouse at the dam
p= 13500 Ibs/ft 30 ft height x 3 ft thick
p= 1125 Ibs/in Pick t/b =0.5
p/ inch = 1125 psi v= 0.2
Ft= 87.63561 psi We use an old code Ft = 1.6V3000
sFt/p/v=0.389492 >0.09773 F'c= 3000 psi
Use sft/p max Allowable Shear = 0.02f'c = 60

For a rough surface we have:
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4= 4 sHIE,
C(3=v)(1+v)| 2EI

Es=E
Thus IA = 14.28571
A= 50.85 forsFt/p=0.0977333
thus | = 0.2809383 ft"4
thus | = 5825.5373 in"4 = sh”3/12
hA3 = 1941.8458 h= 12.47589 in
Sx = 933.8872 in*"3 A= 449.1321 in"2
Mu= 1.3pb~r2/2= 35100 Lbs-ft Ultimate Moment
Mu reduced = 2965.827 k-ft atx=0.615b Rm = 0.084496
ft = M/Sx 38.10944 <Ft= 87.63561 psi
Rv = 0.025824 at x/b =-0.3787 Max shear
1.3fv = 3.03 <Fvs= 60 psi
Ec = Es = E = 57000V3000 = 3122019 psi
00 = -5*p*b"4/24E| = -0.00428 inch
0/00 = 0.0861896 Thus d = -0.00037 inch
Thus, the relative deflection at the center is = -0.00037 inch
For a smooth surface we have:
_ sbaES
~ 2EI
Es=E
Thus IA = 12
= 50.85 forsFt/p=0.0977333
thus | = 0.2359882 ftn4
thus | = 4893.4513 inM4 = sh”3/12
hA3 = 1631.1504 h= 11.7715 in
Sx = 831.4075 in*"3 A= 423.774 in"2
Mu= 1.3pb~*2/2= 35100 Lbs-ft Ultimate Moment
Mu reduced = 2965.827 k-ft at x=0.615b Rm = 0.084496
ft = M/Sx 42.807 <Ft= 87.63561 psi
Rv = 0.025824 atx/b=-0.3787 Max shear
1.3fv = 321 <Fv= 60 psi
Ec = Es = E = 57000V3000 = 3122019 psi
00 = -5*p*b"4/24E| = -0.00509 inch
0/00 = 0.0861896 Thus d = -0.000439 inch
Thus, the relative deflection at the center is = -0.000439 inch
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The deflection does not take into account there is 30 ft above with high moment of inertia. So,

this deflection is not actual.

Now, Rm and Rv was found for 4 = 50.85 from the tables. So, we can see that the opening can be
installed. The infinite height used as an assumption should be reduced by 12.476 inch which

does not change the solution.

Example 1A:

A 15 ft cut permanent shoring retaining soils and it is desirable to use recycled plastic for
lagging. Reference: https://american-plasticlumber.com/wp-

content/uploads/2016/03/apl_web_str_ti_hdpe_tech_data.pdf

The piles are 8 ft O.C. and the flange is 6-inch-wide on the steel pile. Thus, we have:

__sbE,
2EI Smooth surface
b= 45 in
t= 3 in s=
Ep= 221260 psi
V= 0.3
1/R=Es/(1-vA2) = 1221 psi Es=1111 psi
| = 12.51 in™M
A= 70.37
M= 0.067
For I =0.067 Amax = 12.62 sFt/p =

Thus, cannot use A =70.37 it produces tension in soil

The allowable reduction is:

Rm =

Rv = 0.573092

15 ft Shoring Ka = 0.5, y = 120 pcf p = 0.9 ksf

pats=3.5inor0.2917 ft=

Vmax = 0.564138
Mmax = 0.635994
Sx = 7.145833
M/Sx = 1068.024

Assume shear as wood
Area of member =
T=1.5Vmax/Area=

Thus, 4x4 Plastic Lagging Is OK
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8 ft spacing - 6-inch flange

3.50

3.97E-05

0.344581
at x/b =

0.2625
kip
ft-kip
in"3

psi <

12.25
69.07806

in 4x4 plastic lagging

atx/b=0
0.922222

ksf per s

2114 psi OK

in"2
psi < 95 psi OK



Closed form solution #2 fixed end span lagging with /4 = oo:

The equations remain the same as the previous solution only the constant C2 is different. In the
previous solution C2 could not be define at x = b in a Fourier series because it was a step
function and C2 was done carefully. In the fixed solution C2 can be found by setting the
rotations to be zero at x = +b and the rotation at that point is not a step and can be found by
setting rotation equation 71 to be zero at x = +b. Thus:

sina, b Cc2 n

3 2(1+1) n +O.5pb2 (1+F)sinanb _
0= —Z sina, b .o v e it i e . 88
r (rn)3 +A
et (1+T1)3
Or
oo sina, b 2 oo mmn
21 +nEL 4, A+D . .
—Z 3 = > 3 (sina, b)* ..o vei v v e e . 89
() . 0.5pb (mn)° . 4
=l @ +n)3 AT
(sina, b)?
1 2(1 -I-(F))BT
n= n
2 a+re 4 %
O.5pb2 - nn WEE EEE EEE EEE EES NG SEE EEE EEE NEW EEW AN NN EEE W
o _TED s
R G210 I
(1+70)3

The positive moment at x =0 is
Note: the maximum positive moment may not be at x = 0 depending on 4

M+ 1 4sina, b — 24 (0 Sczbz) (17:;1F) sina, b c?
pb? I £ () 0.5ph?
6 n=t (1+1)3
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=0.001

r=0.1

Rm+ Table 5 for different t/b

r=0.2

=03

=04

=0.5

0.99999

0.999988

0.999985

0.999983

0.99998

0.999977

0.928426

0.92366

0.92021

0.917441

0.91492

0.912341

0.865258

0.856911

0.850908

0.846102

0.841721

0.837238

0.809117

0.798075

0.790179

0.783867

0.778106

0.772207

0.758917

0.745851

0.736554

0.72913

0.722343

0.71539

0.713784

0.699208

0.68888

0.680639

0.673093

0.665358

0.673006

0.657316

0.646241

0.637407

0.629304

0.620994

0.635999

0.619503

0.607899

0.598643

0.590137

0.581412

0.602278

0.585218

0.573251

0.563705

0.554918

0.545901

0.571437

0.554002

0.541804

0.532071

0.523095

0.513883

0.543133

0.525474

0.513147

0.503306

0.494215

0.484884

0.517077

0.499312

0.486936

0.47705

0.467901

0.458511

0.493021

0.475244

0.462881

0.452999

0.443837

0.434435

0.470752

0.453037

0.440737

0.430897

0.421758

0.412382

0.450086

0.432492

0.420292

0.410524

0.401437

0.392116

0.430862

0.413437

0.401367

0.391694

0.382681

0.373439

0.412942

0.395721

0.383804

0.374245

0.365323

0.356179

0.396203

0.379214

0.367469

0.358037

0.34922

0.340188

0.380537

0.363803

0.352242

0.342948

0.334246

0.325338

0.36585

0.349387

0.33802

0.328871

0.320293

0.311518

0.352058

0.335877

0.324711

0.315713

0.307265

0.298628

0.339084

0.323195

0.312234

0.303391

0.295077

0.286584

0.326863

0.311271

0.300518

0.291832

0.283656

0.27531

0.315334

0.300042

0.289498

0.280972

0.272935

0.264737

0.304443

0.289454

0.279119

0.270751

0.262854

0.254807

0.294142

0.279455

0.269328

0.261119

0.253363

0.245466

0.284387

0.27

0.260081

0.252029

0.244413

0.236666

0.275139

0.26105

0.251335

0.243439

0.235963

0.228365

0.266361

0.252567

0.243053

0.235312

0.227974

0.220524

0.258021

0.244518

0.235203

0.227613

0.220412

0.213108

0.250089

0.236873

0.227752

0.220312

0.213246

0.206086

0.242538

0.229603

0.220674

0.21338

0.206447

0.19943
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1.2

Rm+ Table for different t/b
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The negative moment at x =+ b is

M— 3|1 4sinan b —24 (0_56;)2) (17:;1F) sina, b
W = Rm—= 3|7 n)? cosa, b+ 05pb? .92
3 "=t a+r° 4
Rm- Table 6 for different t/b
A =0.001 r=0.1 =0.2 =0.3 =04 =05
0 1.000005 | 1.000006 | 1.000007 | 1.000009 | 1.00001 | 1.000011
2 0.96165 | 0.955499 | 0.951356 | 0.948115 | 0.945185 | 0.942193
4 0.927536 | 0.91628 | 0.90877 | 0.902914 | 0.897613 | 0.892197
6 0.896979 | 0.881437 | 0.871157 | 0.863159 | 0.85591 | 0.848502
8 0.869433 | 0.850255 | 0.837671 | 0.827898 | 0.819026 | 0.809958
10 0.844461 | 0.822169 | 0.807649 | 0.796387 | 0.786148 | 0.77568
12 0.821704 | 0.796725 | 0.780562 | 0.768039 | 0.756635 | 0.744975
14 0.80087 | 0.773553 | 0.755987 | 0.742385 | 0.729978 | 0.717294
16 0.781714 | 0.752351 | 0.733575 | 0.719045 | 0.705767 | 0.692195
18 0.764034 | 0.732866 | 0.713042 | 0.697705 | 0.683665 | 0.66932
20 0.747656 | 0.71489 | 0.694152 | 0.678108 | 0.663398 | 0.648373
22 0.732435 | 0.698245 | 0.676705 | 0.66004 | 0.644734 | 0.62911
24 0.718246 | 0.68278 | 0.660534 | 0.643318 | 0.627481 | 0.611327
26 0.704982 | 0.668369 | 0.645497 | 0.627791 | 0.611478 | 0.59485
28 0.69255 | 0.654901 | 0.631472 | 0.613328 | 0.596585 | 0.579535
30 0.680869 | 0.642281 | 0.618354 | 0.599816 | 0.582684 | 0.565255
32 0.66987 | 0.630427 | 0.606054 | 0.587159 | 0.569673 | 0.551904
34 0.659489 | 0.619265 | 0.594491 | 0.575274 | 0.557464 | 0.539388
36 0.649672 | 0.608734 | 0.583598 | 0.564086 | 0.545981 | 0.527627
38 0.640373 | 0.598777 | 0.573313 | 0.553532 | 0.535155 | 0.516551
40 0.631547 | 0.589346 | 0.563584 | 0.543557 | 0.524929 | 0.506097
42 0.623156 | 0.580396 | 0.554363 | 0.534109 | 0.51525 | 0.496212
44 0.615167 | 0.57189 | 0.545608 | 0.525145 | 0.506071 | 0.486846
46 0.607549 | 0.563791 | 0.537283 | 0.516626 | 0.497353 | 0.477958
48 0.600275 | 0.556069 | 0.529354 | 0.508517 | 0.489058 | 0.469508
50 0.593319 | 0.548697 | 0.52179 | 0.500786 | 0.481155 | 0.461464
52 0.58666 | 0.541648 | 0.514566 | 0.493406 | 0.473613 | 0.453794
54 0.580276 | 0.5349 | 0.507656 | 0.48635 | 0.466406 | 0.446471
56 0.574151 | 0.528433 | 0.501038 | 0.479596 | 0.45951 | 0.439471
58 0.568266 | 0.522227 | 0.494694 | 0.473123 | 0.452904 | 0.43277
60 0.562607 | 0.516266 | 0.488604 | 0.466912 | 0.446569 | 0.426348
62 0.557159 | 0.510534 | 0.482752 | 0.460947 | 0.440486 | 0.420187
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The shear at x =+ b" is

&2 m__ 4 C2 _
Rv == a+D 0-5pb Sina, bsina, b* ..o v vev s cee e e e e e 0. 93
r (mn)3 n n
n=1 m + A
Rv Table 7 for different t/b b=b"

A =0.001 M=0.1 =0.2 =0.3 =0.4 =0.5

0 0.99493 | 0.999939 | 0.999964 | 0.999971 | 0.999975 | 0.999977
2 0.994785 | 0.990737 | 0.985426 | 0.981395 | 0.977764 | 0.974056
4 0.994654 | 0.982545 | 0.972578 | 0.965036 | 0.958237 | 0.951295
6 0.994535 | 0.975192 | 0.961116 | 0.950485 | 0.940887 | 0.93109
8 0.994425 | 0.968541 | 0.950808 | 0.937429 | 0.925329 | 0.912982
10 0.994325 | 0.962485 | 0.941468 | 0.925622 | 0.911266 | 0.896621
12 0.994232 | 0.956938 | 0.932953 | 0.914873 | 0.898462 | 0.881731
14 0.994145 | 0.95183 | 0.925142 | 0.905025 | 0.886731 | 0.868092
16 0.994064 | 0.947103 | 0.917941 | 0.895953 | 0.875922 | 0.855528
18 0.993987 | 0.94271 | 0.911271 | 0.887556 | 0.865912 | 0.843896
20 0.993916 | 0.93861 | 0.905065 | 0.879746 | 0.856598 | 0.833077
22 0.993848 | 0.93477 | 0.899269 | 0.872454 | 0.847897 | 0.822972
24 0.993783 | 0.931161 | 0.893836 | 0.86562 | 0.839738 | 0.8135

26 0.993722 | 0.927759 | 0.888726 | 0.859192 | 0.832059 | 0.804591
28 0.993664 | 0.924543 | 0.883907 | 0.853129 | 0.824812 | 0.796186
30 0.993608 | 0.921494 | 0.879348 | 0.847392 | 0.81795 | 0.788234
32 0.993555 | 0.918598 | 0.875024 | 0.84195 | 0.811437 | 0.78069
34 0.993503 | 0.915839 | 0.870913 | 0.836774 | 0.805241 | 0.773519
36 0.993454 | 0.913207 | 0.866997 | 0.831841 | 0.799331 | 0.766685
38 0.993407 | 0.91069 | 0.863258 | 0.82713 | 0.793684 | 0.76016
40 0.993361 | 0.908279 | 0.859682 | 0.822621 | 0.788277 | 0.753919
42 0.993317 | 0.905965 | 0.856255 | 0.818298 | 0.783091 | 0.74794
44 0.993274 | 0.903742 | 0.852965 | 0.814146 | 0.778109 | 0.742201
46 0.993233 | 0.901602 | 0.849802 | 0.810152 | 0.773315 | 0.736685
48 0.993193 | 0.899539 | 0.846756 | 0.806304 | 0.768695 | 0.731377
50 0.993154 | 0.897548 | 0.84382 | 0.802593 | 0.764237 | 0.726261
52 0.993116 | 0.895624 | 0.840985 | 0.799007 | 0.759931 | 0.721325
54 0.993079 | 0.893763 | 0.838245 | 0.79554 | 0.755765 | 0.716557
56 0.993043 | 0.89196 | 0.835593 | 0.792182 | 0.751731 | 0.711947
58 0.993008 | 0.890212 | 0.833025 | 0.788927 | 0.747821 | 0.707484
60 0.992974 | 0.888516 | 0.830533 | 0.78577 | 0.744028 | 0.70316
62 0.992941 | 0.886868 | 0.828115 | 0.782702 | 0.740343 | 0.698968
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Oy
?(aty=0andx=0)——

(1 + F) mn Cc2
sft Z n (1 +T) 0.5ph?
r

_(mn)3
A+ 4

sin

a,b—1..94

sFt/p Table 8 for different t/b

=0.001 r=0.1 r=0.2 =03 =04 =0.5
-1 -1 -1 -1 -1 -1
-0.89135 | -0.88758 | -0.8847 | -0.88234 | -0.88017 | -0.87795
-0.79633 | -0.79016 | -0.78545 | -0.78158 | -0.77801 | -0.77435
-0.71269 | -0.70512 | -0.6993 | -0.69451 | -0.69009 | -0.68555
-0.63866 | -0.63038 | -0.62399 | -0.61871 | -0.61382 | -0.60879
-0.5728 | -0.56433 | -0.55773 | -0.55226 | -0.54718 | -0.54195
-0.51394 | -0.50565 | -0.49912 | -0.49366 | -0.48859 | -0.48336
-0.46113 | -0.45328 -0.447 -0.44173 | -0.4368 | -0.43171
-0.41357 | -0.40636 | -0.40046 | -0.39547 | -0.39079 | -0.38595
-0.37061 | -0.36415 | -0.35873 | -0.3541 | -0.34974 | -0.34522
-0.33167 | -0.32606 | -0.32119 | -0.31697 | -0.31298 | -0.30883
-0.29629 | -0.29159 | -0.28729 | -0.28352 | -0.27993 | -0.27619
-0.26406 | -0.2603 | -0.25661 | -0.2533 | -0.25013 | -0.24681
-0.23464 | -0.23182 | -0.22875 | -0.22592 | -0.22318 | -0.2203
-0.20772 | -0.20586 | -0.2034 | -0.20104 | -0.19874 | -0.19631
-0.18305 | -0.18213 | -0.18028 | -0.1784 | -0.17653 | -0.17454
-0.1604 -0.1604 | -0.15915 | -0.15774 | -0.1563 | -0.15474
-0.13957 | -0.14048 | -0.13981 | -0.13885 | -0.13784 | -0.13671
-0.12039 | -0.12217 | -0.12207 | -0.12156 | -0.12096 | -0.12024
-0.1027 | -0.10533 | -0.10577 | -0.1057 -0.1055 | -0.10518
-0.08637 | -0.08981 | -0.09078 | -0.09113 | -0.09132 | -0.09139
-0.07128 | -0.07551 | -0.07698 | -0.07772 | -0.07829 | -0.07874
-0.05732 | -0.06229 | -0.06425 | -0.06538 | -0.06631 | -0.06713
-0.04439 | -0.05008 | -0.0525 -0.054 -0.05528 | -0.05644
-0.03241 | -0.03878 | -0.04165 | -0.04351 | -0.04511 | -0.04661
-0.0213 | -0.02832 | -0.03161 | -0.03381 | -0.03574 | -0.03755
-0.01098 | -0.01863 | -0.02232 | -0.02484 | -0.02708 | -0.02919
-0.00141 | -0.00964 | -0.01372 | -0.01655 | -0.01908 | -0.02148
0.007489 | -0.00131 | -0.00574 | -0.00887 | -0.01168 | -0.01436
0.015757 | 0.006429 | 0.001649 | -0.00176 | -0.00484 | -0.00778
0.023445 | 0.013613 | 0.008506 | 0.004829 | 0.001499 | -0.00169
0.030595 | 0.020286 | 0.014869 | 0.010938 | 0.007365 | 0.003943
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sFt/p Table for different t/b
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In the following graph the pressure on the lagging is shown positive to see how the distribution is
for various x/b and the reaction is shown.

Stress and reaction at [ = 0.1, A =56.35 for x/b

10

— 9 —
8

Stress

-1.5 -1 -0.5 0 0.5 1 1.5
x/b
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Stress

-2.5

Stress and reaction at [ = 0.5, A =60.6 for x/b

1.6

1.4

1.2

1

0.8

0.6

0.4

2

1.8

0.2
2 -1.5 -1 -0.5 0 0.5 1 15
-0.2
x/b
Thus sfi/p has a maximum positive tension value see table below.
sft/p
t/b Amax max Rm+ Rm- Rv
0.001 140.5 | 0.114742 | 0.098186 | 0.432431 | 0.991999
0.1 141.25 | 0.098316 | 0.091545 | 0.379861 | 0.84313
0.2 141.25 | 0.088702 | 0.087597 | 0.350644 | 0.764456
0.3 141 0.081035 | 0.084239 | 0.32706 | 0.701593
0.4 140.5 | 0.073923 | 0.08117 | 0.305358 | 0.644224
0.5 141 0.067442 | 0.077476 | 0.28453 | 0.592369
For the condition where sft/p is zero for soils see table below.
t/b Amax Stress Rm+ Rm- Rv
0.001 54.3 -3.1E-05 | 0.273793 | 0.579342 | 0.993073
0.1 56.35 8.8E-05 | 0.251128 | 0.527328 | 0.89165
0.2 57.55 3.35E-05 | 0.236933 | 0.496099 | 0.833596
0.3 58.5 -6.5E-05 | 0.225752 | 0.471547 | 0.788129
0.4 59.5 -3.9E-05 | 0.215002 | 0.448129 | 0.744966
0.5 60.6 4.77E-05 | 0.204052 | 0.424473 | 0.701889

Now the deflection
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Deflection coefficient Table 9 for different x=0

=0.001

r=0.1

r=0.2

=03

=04

=0.5

0.99998

0.999975

0.999971

0.999966

0.99996

0.999954

0.940169

0.93502

0.931359

0.928444

0.925795

0.923088

0.887196

0.878028

0.871562

0.866427

0.861758

0.856983

0.83995

0.82762

0.818985

0.812141

0.80591

0.799535

0.79755

0.782717

0.772395

0.764226

0.756778

0.749154

0.759287

0.742465

0.730825

0.721623

0.71322

0.704616

0.724582

0.706176

0.693505

0.683496

0.674342

0.664965

0.692961

0.673294

0.659816

0.649176

0.639428

0.629441

0.664031

0.643359

0.629253

0.618121

0.607904

0.597436

0.637461

0.615992

0.601401

0.589886

0.5793

0.568454

0.612974

0.590877

0.575913

0.564104

0.553229

0.542088

0.590334

0.567747

0.552503

0.54047

0.52937

0.518002

0.569339

0.546376

0.530925

0.518726

0.507454

0.495913

0.549817

0.526569

0.510973

0.498655

0.487254

0.475586

0.531617

0.508162

0.492471

0.48007

0.468576

0.456818

0.514609

0.491012

0.475265

0.462814

0.451255

0.439439

0.498679

0.474993

0.459224

0.446748

0.435149

0.4233

0.483729

0.459997

0.444234

0.431755

0.420136

0.408275

0.46967

0.44593

0.430196

0.417729

0.406107

0.394254

0.456425

0.432708

0.41702

0.404582

0.39297

0.381138

0.443925

0.420256

0.404631

0.392232

0.380642

0.368845

0.432109

0.40851

0.392959

0.38061

0.369052

0.3573

0.420922

0.397411

0.381945

0.369653

0.358136

0.346438

0.410315

0.386907

0.371534

0.359305

0.347836

0.336199

0.400244

0.376951

0.361678

0.349519

0.338102

0.326533

0.390669

0.367502

0.352335

0.340248

0.328889

0.317393

0.381555

0.358522

0.343464

0.331454

0.320157

0.308738

0.372868

0.349977

0.335031

0.323101

0.311868

0.30053

0.36458

0.341835

0.327005

0.315157

0.303991

0.292736

0.356664

0.33407

0.319357

0.307591

0.296495

0.285327

0.349094

0.326655

0.312061

0.300379

0.289354

0.278273

0.341849

0.319567

0.305092

0.293496

0.282543

0.271552
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Deflection coefficient Table for different t/b at x=0

1.2

0.8

0.6

0.4

Deflection coefficient

0.2

—[=0.001 =—[=01 =——[=0.2 =03 =———[=04 —[=05

In the following graph the deflection coefficient on the lagging is shown positive at the lagging
to see how the distribution is for various x/b. We see the deflection at the column is practically
zero for #/b =0.1.

1 + F mn C2
EIV'(x) _ z mn 1+F05pb2
pb3 T _(mn)3
n=1 a1+ F)3 + A

sina, bsina, x .............96
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0/00 at =0.1, A =56.35 for x/b

0.4

0.35

8/60

1.5

-1.5

-0.05
x/b

0/00 atl =0.5, A =60.6 for x/b

6/60

2.5

. x/b

The deflection does not take into account the moment of inertia of the elastic media, so it is
conservative. But for a media such as soils where tension is not allowed it is accurate and useful.
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Once D id found the stresses at ¢ = 0 and /4 = o are the same as before only C2 is different:

D moY\ g
cos a, X (1+I‘)b e — D2 97

,A+D w2
A mn (1+4T)0.5pb?
T (tn)3 >
(1+71)3

ina, b ..o oo vev v e i1 .98
+A

moy\ any
0x=kOZDcosanx 1+ o —2kOZDe Y coS ty X — kop e e e

(1+D)b
n=¢ n=¢

99

= @TINY SIN @y X wer ver ver eee een een een een een een een een een ven e en s 100

Example 2:

We redo example 1 with fixed end condition:
Example in article the strain at y=0 is zero

b= 2 ft 4 ft opening
t= 1 ft S= 3 ft
Concrete 150 pcf at the powerhouse at the dam
p= 13500 Ibs/ft 30 ft height x 3 ft thick
= 1125 lbs/in Pick t/b =0.5
p/ inch = 1125 psi v= 0.2
We use ACI 318-11 code use Ft =
Ft= 87.63561 psi 1.6V3000
sFt/p/v = 0.3895 >0.067442 F'c= 3000 psi
M,=54,[f’ S, (22-2)
V,=4/32,[f byh (22-9)
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4= 4 shE,
T (3-W(1+v)| 2B

Es=E
Thus IA = 14.28571
for sFt/p =
A= 141 0.077803 0.067442
thus | = 0.101317 ftr4
thus | = 2100.912 inM4 = sh”3/12
hn3 = 700.304 h= 8.880325 in
Sx = 473.161 in?*3 A= 319.6917 in"2
1.3pb”2/3
Mu= = 23400 Lbs-ft Ultimate Moment
Mu reduced = 6042.493 k-ft Rm- = 0.28453
ft = M/Sx 168.8558 < Ft= 273.8613 psi
Rv = 0.070038 At x=0.63b
1.3fv= 11.53453 >Fv= 73.02967 psi

So, the tension sFt/p will act upward on the beam with 0.067442 at the center. The beam is ok in
compression also.

If we don’t allow tension in concrete

sFt/p = -0.30883
Use compression at A =20 Nominal
Thus IA = 14.28571
A= 20
thus | = 0.714286 ftM4
thus | = 14811.43 inM4 = sh”3/12
hA3 = 4937.143 h= 17.0278 in
Sx = 1739.676 in"3 A= 613.0008 in"2
1.3pb”2/3
Mu= = 23400 Lbs-ft Ultimate Moment
Mu reduced = 15171.93 k-ft Rm-= 0.648373
ft = M/Sx 104.6535 <Ft= 273.8613 psi OK
Rv = 0.290508  Atx=0.291b
1.3fv = 2495145 <Fv= 73.02967 psi OK

So, Rm- and Rv was found for 4 = 20 from the tables. So, we can see that the opening can be
installed. The infinite height used as an assumption should be reduced by 17.0278 inch which
does not change the solution.
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Closed form solution #3 simple span beam with height A:
When starting with equation 24 this process can be repeated where s/2f is skn

The load on the lagging and reaction at y = 0 is

k
gy = —Z (ans—nvn + Wn> cosap,x—p for —=b<x<b . ... 100
n=1 ﬁ
The reaction is
= k, b b
oy, = — (ansfvn + Wn> cosa, x + p?+ a7 for b<x<b+t. .. ... 101
n=1
Thus
- 2psina, b 2gqb sina,b
Z[ ( vn+W>cosanx—— CoOS Ay X — cosanx]
— t a, ttb+t) a,
2 b
b+t
We note wn is Fourier cosine for the load ¢ on the beam at y = 4 thus
i i sina, b 2qb 103
Wy, COS QpX = COS QX — T e e e e e e e e e e e s
= o] b+t) a, b+t
—2q sina,b sina, b
= = - ..104
Wn (b+t) a, Tm

We find the constant term in equation 102 and 103 is for all x thus they cannot produce arching and
they cancel each other. Thus, they are dropped, and the shear is

j _ i( kn +Wn) 2p~sinay b
gy, = s 5 Un a, sina,, x ; e sina,, x
n=1 - n=1
b 2 sina, b
- z SIN @y X e e et s et e e et e e e e e e e e 105
th+t az
n=1
or
C Kn - 2psina, b W, b  sina, b\ .
Z( )smanx Z(— s—+—+2¢q 5 )smanx
~ ] t aj an ttb+t) aji
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Thus

2psina, b W, b sina,b A 2C2sina,b

n
t oS +an+2 tb+t) o t  ad
vy = — ok ..106
El e
" pa
Finding vO0 set the equation to
2psina, b W, b sina,b 2C2sina,b
t o Tat T D o Tt @
Elv, = —
sk,
BElIa3
2psina, b W, b sina,b , 2C2 .
A, to +2 t(b+t) 2 += sina, b
Elv, = —
@i + Sk sk,
ﬁEI

At n =0 is the same as saying # = 0 and we have no medium. kn =0 Wn = -wn. and v0 = C4 = co.
Again, making the argument v0 and C4 will be calculated when setting the deflection to zero at +b.

skv Zpsma b W, b sina,b
ffay Z )cosanx+z a_+2qt(b+t) - cosay,x + C2

n n

" 2psmanb+W +2q b smaznb_I_ZCZSinanb
ﬂ Z ( ) a? Th+o) a2 t
cos a, X
- ,BElan a3+ Skn
= n - BEI

+Z 2psmanb W+2 b sina,b + 02
a,% qt(b-l—t) al €08 tn X

" Zpsm‘% nb W o 2 t(bit) Sma‘%”b +%§3 sin a,, b
ﬂ Z (,8EI> i ok, CoOs ap X
BEI
= 2p sin an b W b sina,b
+Z( ,21+2qt(b+t) 3 >cosanx+62

n=1
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" 2psmanb W, b sina,b 3_< sk, )26‘2
+an+2 TCED) a BEla.) ¢ sina, b
ffay Z sk cosa, x +
an+pEr
+ C2
" b . sk, \2C2
sma b+a,W,+2q 77—+ CET) sina, b — (BElan>Tsma b
Z X CoS ap X
— a3 + ; n
- n El
At x = b the moment is zero
® —51nanb+anW + 29 75—+ b sina, b (ﬁ)ﬁ
t t(b+1t) PElay,) t
Z cosa,b=—-C2+ sina, b
3 sk, @ + sk,
n=1 n T BE] BEI
ZTpsin anb + (Zan + zqt(bb;_l_t)SHl a, b
Yin=1 T cosa, b
a3 + S n
c2 = n " BEI
_ (gt
1+ %sm an b
o3
ntBEr
2p . mn 1 .
- Fbsma:nb + a+ F)bW” + ZqF(1 +F)bsmanbcosa ,
n=1 (mn)3 4 sk, b3 "
c2 = (1+0)3 " PBEI
B (sknb3 2
_ BEla,)t .
1+ Gn)? . sk,b3 sina, b

A+0° T BEI
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. 2nnl’ 4q .
g {4psmanb + a+ F)W” + a+ r,)smanb}cosa ,
! A ok,4 "
c2 arp’t
— ...108
0.5h% 21+1) sina, b
®  2kpA NGO M cosa,b—T
A+r7 + 2k, A
And the moment is
w b . sk, \2C2
ff Z—smanb+anW +2qmsmanb (ﬁElan>Tsma"b o
s ok, CoS a, X
n=1 ,BEI
I Oy
0.5h%
® 4psina, b + 27er+ 4q sina, b — 4k, A+ €2 (1+F)snab
I N B € DG € D R 0.5b2 " cosa x
r I kA i
n=t a+rn3
Cc2
And the shear is,
J
2 .
" 2pb(1r+ MN*sina, 2b + W,b (1 +0) + qu(% + I') sin anzb + l; CZ2 sin, b
= 2k, A (mn) () 0.5b sina, x
n (TL’n) n
=i 7+ 2k, A
a1+1)3
> (2pb(1+T)2sina, b W,b
— 14T
Z( r (nn)2+n7t(+)
n=
2gb(1+T)sina, b\ .
T )2 ina, x ..110

And the stress is,
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" 2p(1 + D) sina, b 2qsina, b n c2 .
T nr Tt T T hm T+ 1) 055250 D
gy = Z 2k, A COE CoS Ay X
n=1 m+ 2k, A
> (2p(1+ ) sina, b 2qsina, b
—Z p( ) — + W, +—q T ) COS @y X e eer e e e e 111
I nm I nm

=1

Thus

Again, when [/ is infinite or Es is zero as in water, we have C2 with Wn = wn,

o = i 2psinanb+2 b sinanb+ 2q sina,b b
B t o Tth+v) a, b+t) a, )0

n=1

O (2psina, b 2qsinay, b b?
=—2<—p1 C;" 4 casm = )cosanbz—(p+q)? imn—b<x<bh

t a t a
n=1 n n

We will set first ¢ to zero and calculate Rm Rv and the stress ratio. Now A can be zero for infinite
moment of inertia, but Es cannot be zero because of Hooke’s law does not work for water in the
deflection. We find there is live load stress distribution for 4 = 0 because of the simple span
requirements and / do not enter the stress in the right side of equation 22 and in this case the
stress is when 4 is zero for small s. When we do the fixed end solution, which is more realistic,
the stress at 4 = 0 is a different distribution. There is a region for #/b where the thickness of the
column causes more arching meaning a thinner column cause more arching for some #/b. This
means a thinner column for some #/b sucks up more load because it becomes a hard spot with
deflection close to zero. This is where the deflection at the column makes a difference. When #/b
is large a thicker column causes more arching or sucks up more load.

Thus, atg =0
w» 4sina, b
n=1"(rrn)3 1 cosa, b
2 - . L)
0.5pb 201 +T) sina, b
* 2k,A M __cosa,b—T
nE_(mn)® L oA
(1+10)3 n

and x = 0 we have
Note: the maximum moment may not be at x = 0 depending on 4
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4sina, b — 4k A( (2 )(1+F)

sina, b

Rm1 = ﬂ Jyz =lz 0.5pb%) mn fl 113
r P (mn)3 42k A 0.5pb?
(1+70)3 n
Table 10 Rm 1 verses h/b for ' =0.1
h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 1 1 1 1 1 1 1
0.1 1 0.996449 | 0.992929 | 0.989439 | 0.985978 | 0.982547 | 0.979145
0.2 1 0.975475 | 0.952305 | 0.930378 | 0.909593 | 0.88986 | 0.871099
0.3 1 0.933979 | 0.876881 | 0.826976 | 0.782958 | 0.74382 | 0.708774
0.4 1 0.876778 | 0.78172 0.70609 | 0.644434 | 0.593167 | 0.549838
0.5 1 0.813006 | 0.685413 | 0.592778 | 0.522453 | 0.467235 | 0.42272
0.6 1 0.752675 | 0.602241 | 0.501212 | 0.428762 | 0.37432 | 0.331949
0.7 1 0.702067 | 0.537632 | 0.433687 | 0.362221 | 0.310186 | 0.270685
0.8 1 0.66298 0.49062 | 0.386386 | 0.316823 | 0.267269 | 0.230292
0.9 1 0.634414 | 0.457733 | 0.354168 | 0.286449 | 0.238923 | 0.203869
1 1 0.614298 | 0.435278 | 0.332568 | 0.26633 | 0.220305 | 0.186624
1.5 1 0.578338 | 0.396517 | 0.296022 | 0.232726 | 0.189489 | 0.158269
2 1 0.574166 | 0.392131 | 0.291944 | 0.229011 | 0.186103 | 0.155168
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Rm 1versesh/b,=0.1

1.2
1
0.8
i
£ 0.6
o
0.4
0.2
0
0 0.5 1 1.5 2
h/b
—A=0 A=5 A=10 A=15 ——A=20 ——A=25 ——A=30
Table 11 Rm 1 verses h/b for ' = 0.5
h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 1 1 1 1 1 1 1
0.1 1 0.998757 | 0.997516 | 0.996279 | 0.995045 | 0.993814 | 0.992585
0.2 1 0.990256 | 0.980702 | 0.971331 | 0.962138 | 0.953119 | 0.944268
0.3 1 0.96847 0.93889 | 0.911082 | 0.884891 | 0.860179 | 0.836823
0.4 1 0.930241 | 0.869694 | 0.816639 | 0.76976 | 0.728033 | 0.690648
0.5 1 0.877276 | 0.781566 | 0.704822 | 0.641904 | 0.589377 | 0.544858
0.6 1 0.815961 | 0.689069 | 0.596299 | 0.525528 | 0.469766 0.4247
0.7 1 0.753995 | 0.604342 | 0.503795 | 0.431645 | 0.377386 | 0.335122
0.8 1 0.697228 | 0.533319 | 0.430758 | 0.360647 | 0.309761 | 0.271193
0.9 1 0.648664 | 0.476936 | 0.375435 | 0.308569 | 0.261302 | 0.226186
1 1 0.609013 | 0.433588 | 0.334387 | 0.270825 | 0.226756 | 0.194493
15 1 0.510505 | 0.335085 | 0.245555 | 0.191601 | 0.155743 | 0.130316
2 1 0.48759 | 0.313862 | 0.227177 | 0.175613 | 0.141649 | 0.117729
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1.2

Rm 1 verses h/b for [ = 0.5

0.8

0.4

0.2

0 0.5 1 15 2 25
h/b
—A=0 A=5 A=10 A=15 ——A=20 ——A=25 ——A=30
Thus, at g = 0 and x = b we have
w g MM oy oa €2
Rvl = ! a+D " 0.5pb? sina, bsina, b* ... e v cev e v v . 114
(T[n)3 n n
n=1 (1+—F)3 + 2k, A
Table 12 Rv 1 verses h/b for = 0.1 at b = b*

h/b A=0 A=5 | A=10 | A=15 | A=20 | A=25 | A=30
1E-13 0.999755 | 0.999755 | 0.999755 | 0.999755 | 0.999755 | 0.999755 | 0.999755
0.1 0.999755 | 0.980388 | 0.96121 | 0.942218 | 0.92341 | 0.904783 | 0.886335
0.2 0.999755 | 0.941074 | 0.88597 | 0.83414 | 0.785314 | 0.73925 | 0.695732
0.3 0.999755 | 0.908958 | 0.831256 | 0.764081 | 0.705492 | 0.653995 | 0.608422
0.4 0.999755 | 0.886445 | 0.799749 | 0.731367 | 0.676118 | 0.630602 | 0.592494
0.5 0.999755 | 0.871046 | 0.783078 | 0.719088 | 0.670398 | 0.632068 | 0.601079
0.6 0.999755 | 0.860401 | 0.774357 | 0.715577 | 0.67263 | 0.639708 | 0.613543
0.7 0.999755 | 0.852953 | 0.76961 | 0.715185 | 0.676407 | 0.647082 | 0.623927
0.8 0.999755 | 0.847742 | 0.766876 | 0.715675 | 0.679734 | 0.652726 | 0.631427
0.9 0.999755 | 0.844131 | 0.765223 | 0.71628 | 0.682225 | 0.656703 | 0.636564

1 0.999755 | 0.84166 | 0.764187 | 0.716785 | 0.683972 | 0.659406 0.64

1.5 0.999755 | 0.837346 | 0.762532 | 0.717777 | 0.687024 | 0.664008 | 0.645767
2 0.999755 | 0.836851 | 0.762352 | 0.717896 | 0.68737 | 0.664521 | 0.646405
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Rv1versesh/bforl=0.1, b=b"

1.2
1
0.8
= 06
0.4
0.2
0
0 0.5 1 1.5 2 2.5
h/b
—A=0 A=5 A=10 A=15 ——A=20 ——A=25 ——A=30
Table 13 Rv 1 versesh/bfor[=05b=b *
h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 0.999909 | 0.999909 | 0.999909 | 0.999909 | 0.999909 | 0.999909 | 0.999909
0.1 0.999909 | 0.996247 | 0.992597 | 0.988959 | 0.985331 | 0.981716 | 0.978111
0.2 0.999909 | 0.982858 | 0.966192 | 0.949899 | 0.933968 | 0.918387 | 0.903146
0.3 0.999909 | 0.957919 | 0.918768 | 0.882191 | 0.847954 | 0.815848 | 0.785689
0.4 0.999909 | 0.922535 | 0.855827 | 0.797763 | 0.746801 | 0.70174 | 0.661634
0.5 0.999909 | 0.880926 | 0.788425 | 0.714489 | 0.654066 | 0.60378 | 0.561294
0.6 0.999909 | 0.838325 | 0.726542 | 0.644524 | 0.581719 | 0.532042 | 0.491733
0.7 0.999909 | 0.798776 | 0.675075 | 0.590965 | 0.529844 | 0.483278 | 0.446521
0.8 0.999909 | 0.764494 | 0.634697 | 0.551796 | 0.493866 | 0.450851 | 0.417483
0.9 0.999909 | 0.736173 | 0.60403 | 0.523665 | 0.469065 | 0.429206 | 0.398606
1 0.999909 | 0.713553 | 0.581133 | 0.503545 | 0.451866 | 0.414553 | 0.386082
15 0.999909 | 0.658659 | 0.530801 | 0.461854 | 0.417677 | 0.386358 | 0.362637
2 0.999909 | 0.646061 | 0.520186 | 0.453484 | 0.411046 | 0.381037 | 0.358316
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Rv1versesh/bl=0.5b=b"

1.2
1
0.8
= 06
0.4
0.2
0
0 0.5 1 1.5 2 2.5
h/b
—pA=(Q e—A=5 A=10 A=15 =———A=20 =———A=25 o—A=30
" 2(1+F)+ n C2
sftl 1 n 1+7T)0.5ph?
—yatx=0=f—=—22knA 3( D 05pbE g b =1 115
R ) ok,4
i (1+71)3 "
At the reaction:
sftl

atx=b+t=

p
" ) 1+0D 4 Cc2
3 lz 2k AT (1+47)0.5pb?
a [‘n=1 n (rn)3

(1+—F)3 + 2k, A

sina,, b cosn + o e 116
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=0

Stress 1 at x

Table 14 Stress 1 at x =0 verses h/b forv=0.2T =0.1

61

h/b | A=0 | A=5 A=10 A=15 A=20 A=25 A=30
1E-13 | -1 -1 -1 -1 -1 -1 -1

0.1 -1 | -0.99917 | -0.99834 | -0.99751 | -0.99668 | -0.99585 | -0.99503
0.2 -1 | -0.99344 | -0.98697 | -0.98057 | -0.97425 -0.968 | -0.96183
0.3 -1 | -0.97921 | -0.95937 | -0.94038 | -0.92217 | -0.90467 | -0.88783
0.4 -1 | -0.93614 | -0.88374 | -0.83945 | -0.80117 | -0.76749 | -0.73745
0.5 -1 | -0.84945 | -0.74559 | -0.66926 | -0.61054 | -0.56377 | -0.52549
0.6 -1 | -0.74107 | -0.58666 | -0.48519 | -0.41409 | -0.36193 | -0.32231
0.7 -1 | -0.63765 | -0.44506 | -0.32863 | -0.25254 | -0.20015 | -0.16275
0.8 -1 | -0.55263 | -0.33472 | -0.21065 | -0.13354 | -0.08296 | -0.04859
0.9 -1 | -0.4885 | -0.25472 | -0.12709 | -0.05055 | -0.00208 | 0.029568

1 -1 | -0.44258 | -0.19903 | -0.06985 | 0.005723 | 0.052364 | 0.081927
1.5 -1 | -0.35941 | -0.10136 | 0.028745 | 0.101572 | 0.144419 | 0.169988

2 -1 | -0.34969 | -0.09022 | 0.039845 | 0.112276 | 0.154645 | 0.179733

Stress 1 at x =0 verses h/b for =0.1
0.4
2
-1.2
h/b
—pA =] e—pA=5 A=10 A=15 =———A=20 =———A=25 e=—A=30
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Stress 1

«@

Stress 1 and reaction, [ =0.1, h/b = 0.5
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=0

Stress 1 at x

Table 15 Stress 1 at x = 0 verses h/b for = 0.5

63

h/o | A=0 | A=5 A=10 | A=15 A=20 A=25 A=30
1E-13 | -1 -1 -1 -1 -1 -1 -1
0.1 -1 | -0.99917 | -0.99834 | -0.99751 | -0.99668 | -0.99585 | -0.99502
0.2 -1 | -0.99339 | -0.98686 | -0.98042 | -0.97406 | -0.96778 | -0.96158
0.3 -1 | -0.97832 | -0.95759 | -0.93775 | -0.91873 | -0.90048 | -0.88783
0.4 -1 | -0.94726 | -0.90048 | -0.85861 | -0.82085 | -0.78658 | -0.75529
0.5 -1 | -0.89286 | -0.80838 | -0.73988 | -0.68311 | -0.63518 | -0.59412
0.6 -1 | -0.81831 | -0.69346 | -0.6025 | -0.53332 | -0.47898 | -0.43517
0.7 -1 | -0.73496 | -0.57634 | -0.47163 | -0.39787 | -0.34344 | -0.30184
0.8 -1 | -0.65401 | -0.47164 | -0.36096 | -0.28779 | -0.23655 | -0.19913
0.9 -1 | -0.58233 | -0.3852 | -0.27345 | -0.20325 | -0.15616 | -0.12309
1 -1 | -0.5226 | -0.3171 | -0.20672 | -0.14012 | -0.09698 | -0.0677
1.5 -1 | -0.37107 | -0.15826 | -0.05782 | -0.00298 | 0.029318 | 0.049101
2 -1 | -0.3354 | -0.12349 | -0.0264 | 0.025341 | 0.055049 | 0.07268
Stress 1 at x = 0 verses h/b for = 0.5
0.2
0
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Stress 1 and reaction at = 0.5, h/b =0.5
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1.5
1
3 0.5
&
-2.5 2 -1.5 1.5 2 2.5
1.5
x/b
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Stress 1 and reaction atM=0.5, h/b=1
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&
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x/b
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ZTp smaogn b + 252 sina, b
Elv, = — L
3 Skn
a, + BEI
o o (1+1)? + C2
Elv(x)1 2 2
% = TZ ((7:7?)3 0-5pb (cosa, x —cosay b)sina, b ... cee e v 117
——54 24 n=1 a+n3 + 2k, A
0/001atl=0.1,h/b=0.5
1.2
2
S
15

-1.5

A=10 A=15 A =20

—A=0 —A=5

A=25 =—A=30

The deflection does not take into account the moment of inertia of the elastic media, so it is
conservative. But for a media such as soils where tension is not allowed it is accurate and useful
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0/001latv=0.2,=0.5h/b=0.5

1.2

2
>
2.5 2.5
-0.6
x/b
——A=0 ——A=5 A=10 A=15 A=20 A=25 ——A=30
o sina, b C2 m .
EIv'(x)1 3 2(1+1) nnn + 0.5pb2(1+7T) sinay b )
—— = —Z 3 sina, X ... ..... 118
pt T B ok,a
3 n=1 (1+71)3 n
Once D is found the stresses with g = 0 are:
] 0 5 b m y any m 'y —any
O'y—— cosay x an+ nmge + cn+(1+r)3e
n=¢
y
-p(1- E) R § L=
S moy\ o moy\ ..,
oy = ko Z Dcosanx[<an+bn—(1+r)g)e ny 4 (cn+ a +F)E)e n ]
n=¢
a %4 y
+ 2k, Z D cos a,, x[b,e®nY —e Y] — kqp (1 - E) et ee e e e 1 120

n=p
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3 = , moy\
= Dsina, x an+bn)+bn(1+r)geny

n=¢
+<—(C —1)—lz>e_an3/] 121
n (1 + 1_‘) b Aua mEs mas EEw mEE sEs mEs wEs EEm sms wms was wmm
20+ _mn__C2
Snn sb* an ' (1+1)0.5pb? _
b=- - 3 sina, b
Bd, TBEId, (mn) + 2k A
(1+70)3 n
20+10)  _mn___C2
S Un 2kyA\" mn " (1+1)0.5pb? _
b=- - p( ) sina, b
Bdy I'd,k, _(mn)3 2k A
a+n3

2(1+70) 4 C2
B 2k, A n (1+7)0.5pb? si
p I'(a, + c,) (mn)3
(1+70)3

NAD oo cev e 122
+ 2k, A

an = —[ca(1 + 2a,h) + 2a2h*|e~20nk
b, = [2¢, — 1 + 2a, h]e™2%n"

N Zanhz —2anh
(1 = 2a,h)e2emh — 1

cp =1

d,=a,—b,—c,—1

a, +c,

kn = ==

Rewrite for the excel sheet

z cosa [(a +b ™ y>e—an(/’l 3’)+<c + mn X)e—any]
- S R R "TA+Db

-p(1- %) R .
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© ™Y\ 4 ey moY\ g
0x=kOZDcosanx an1+b"1m5 e~ %n + C"+(1+F)E e~ n
n=¢

+ 2k, Z D cos ay, x[by e~ @Y — e=@nY| — kop (1 - %) e e e 124
n=p

T =ZDsina x[(a +b,)+b mn X)e_“n(h_J’)
xy n nil nil nil

@A+D)b
n=¢
+ < —(cp—1) — LZ) e—any] 125
(ny = ane™ = —[c,(1 + 2a,h) + 2a%h* |~

by, = bye®Y = [2¢c, — 1 + 2a,hle” %/

Setting p to zero we have:

2nnl’ W, 4 .
. [dF oty
-y, CE cosa, b
2 - . EEE EEE EEE EEE EEE EEE REE R oW
0.5¢gb 201 +7T) sina, b
® 2k, A COL N cosa,b—T

(CEI R

and x = 0 we have, note: the maximum moment may not be at x = 0 depending on 4

If Oy
Rm2 =
Mo = 0.5qh2
" 2l W, 4 . _ C2 (1+0D) .
_Zl E +(1+F)smanb 4k"A0.5qb2 po sina, b
B r (mn)3
+ ¢z 127
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Table 16 Rm2 verses h/b for = 0.1

h/b A=0 A=5 A =10 A=15 A=20 A =25 A =30
1E-13 1 1 1 1 1 1 1
0.1 | 0.999966 | 0.996415 | 0.9928954 | 0.9894054 | 0.985945 | 0.982514 | 0.9791119
0.2 | 0.998738 | 0.974258 | 0.9511304 | 0.9292434 | 0.908496 | 0.888799 | 0.8700707
0.3 | 0.995767 | 0.930134 | 0.8733674 | 0.8237493 | 0.779981 | 0.741062 | 0.706209
0.4 | 0.991541 | 0.869724 | 0.7757292 | 0.7009294 | 0.639936 | 0.589208 | 0.5463235
0.5 | 0.985873 | 0.80228 | 0.676959 | 0.5859352 | 0.516802 | 0.462495 | 0.4186948
0.6 | 0.978705 | 0.737807 | 0.5912057 | 0.4926927 | 0.422002 | 0.368846 | 0.3274474
0.7 | 0.970476 | 0.682775 | 0.5238924 | 0.4233886 | 0.354236 | 0.303845 | 0.2655587
0.8 | 0.961877 | 0.639248 | 0.474148 | 0.3742339 | 0.307499 | 0.25992 | 0.2243827
0.9 | 0.953547 | 0.60645 | 0.4386096 | 0.34016 | 0.275736 | 0.230483 | 0.1970753
1 0.945923 | 0.582458 | 0.4136744 | 0.3167775 | 0.254243 | 0.210758 | 0.1789087
1.5 | 0.921602 | 0.533563 | 0.3662073 | 0.2736838 | 0.215392 | 0.175559 | 0.1467868
2 0.912914 | 0.524343 | 0.3582264 | 0.2667938 | 0.209354 | 0.170187 | 0.1419458
Rm2 verses h/b for [ =0.1
1.2
1 e
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Table 17 Rm2 verses h/b for [ = 0.5

h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 1 1 1 1 1 1 1
0.1 1 0.998757 | 0.9975162 | 0.9962789 | 0.995045 | 0.993814 | 0.9925855
0.2 | 1.000001 | 0.990257 | 0.9807024 | 0.9713314 | 0.962139 | 0.953119 | 0.944268
0.3 | 1.000039 | 0.96851 | 0.9389301 | 0.9111224 | 0.884931 | 0.860219 | 0.8368634
0.4 | 0.999751 | 0.930068 | 0.8695831 | 0.8165785 | 0.76974 | 0.728046 | 0.6906872
0.5 | 0.997393 | 0.875328 | 0.7801027 | 0.7037239 | 0.641087 | 0.588779 | 0.5444328
0.6 | 0.990813 | 0.809423 | 0.6842776 | 0.5927215 | 0.522828 | 0.467719 | 0.4231498
0.7 |0.978815 | 0.739858 | 0.5943384 | 0.4964561 | 0.426134 | 0.373185 | 0.3318897
0.8 0.96151 | 0.67314 | 0.5168041 | 0.4188233 | 0.351728 | 0.302942 | 0.2658966
0.9 |0.939967 | 0.613217 | 0.4532308 | 0.3584788 | 0.295922 | 0.251598 | 0.2185886
1 0.915694 | 0.561643 | 0.4024858 | 0.3122782 | 0.25433 | 0.214044 | 0.1844648
1.5 | 0.797388 | 0.410392 | 0.2714711 | 0.2004163 | 0.157488 | 0.128878 | 0.1085304
2 0.725583 | 0.355456 | 0.2298526 | 0.1671051 | 0.129728 | 0.10507 | 0.0876748
Rm2 verses h/b for = 0.5
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Thus, at g = 0 and x = b" we have

Rv2 = f&
. 2 2 1 C2
0 +%(1(7;[|_n12)2 +T(1 7_|l;nr)2 sinanb—TanAWsinanb . .
= Z )3 sina, b* .............128
n=1 m + 2k, A
Table 18 Rv 2 verses h/b for =0.1, b = b*
h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 | 0.999755 | 0.999755 | 0.9997549 | 0.9997549 | 0.999755 | 0.999755 | 0.9997549
0.1 0.985215 | 0.965852 | 0.9466779 | 0.9276897 | 0.908885 | 0.890262 | 0.8718173
0.2 0.966849 | 0.908325 | 0.85337 | 0.8016819 | 0.752991 | 0.707057 | 0.6636643
0.3 0.951827 | 0.861758 | 0.7846966 | 0.7180917 | 0.660015 | 0.608982 | 0.5638328
0.4 0.941455 | 0.829834 | 0.7444883 | 0.6772215 | 0.622917 | 0.578217 | 0.5408259
0.5 0.934249 | 0.80844 | 0.7225693 | 0.6601956 | 0.612811 | 0.575573 | 0.545519
0.6 0.92902 | 0.793924 | 0.7106718 | 0.6539237 | 0.612559 | 0.580927 | 0.5558527
0.7 0.925027 | 0.783905 | 0.703978 | 0.6519228 | 0.614939 | 0.587052 | 0.5650969
0.8 0.92186 | 0.776931 | 0.7000296 | 0.6514768 | 0.617498 | 0.592041 | 0.5720263
0.9 0.919299 | 0.77207 | 0.6976028 | 0.6515437 | 0.619588 | 0.595708 | 0.5769168
1 0.917218 | 0.768686 | 0.6960651 | 0.6517443 | 0.621145 | 0.598296 | 0.5802903
1.5 0.911498 | 0.762202 | 0.693493 | 0.6524328 | 0.624248 | 0.603175 | 0.586491
2 0.909658 | 0.761059 | 0.6931225 | 0.6525952 | 0.624776 | 0.60396 | 0.5874608
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Rv 2 verses h/b for=0.1, b = b*
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—A=0 A=5 A=10 A=15 A=20 A=25 ———A=30
Table 19 Rv 2 verses h/b for [ =0.5, b = b*
h/b A=0 A=5 A=10 A=15 A=20 A=25 A=30
1E-13 0.999909 | 0.999909 | 0.9999088 | 0.9999088 | 0.999909 | 0.999909 | 0.9999088
0.1 0.985886 | 0.982226 | 0.9785781 | 0.9749416 | 0.971317 | 0.967703 | 0.9641004
0.2 0.971833 | 0.954817 | 0.9381846 | 0.9219251 | 0.906027 | 0.890479 | 0.8752706
0.3 0.957787 | 0.91597 | 0.8769891 | 0.8405777 | 0.806502 | 0.774554 | 0.7445505
0.4 0.943192 | 0.866426 | 0.8002856 | 0.7427567 | 0.692299 | 0.647717 | 0.6080664
0.5 0.927158 | 0.809895 0.71888 0.646254 | 0.587005 | 0.537784 | 0.4962732
0.6 0.90952 | 0.751955 | 0.6432791 | 0.563794 0.50313 | 0.455309 | 0.4166402
0.7 0.890587 | 0.697399 | 0.5791212 | 0.4990945 | 0.441241 | 0.397398 | 0.362976
0.8 0.870787 | 0.649045 | 0.5275126 | 0.4504011 | 0.396893 | 0.357444 | 0.3270621
0.9 0.850617 | 0.607917 | 0.4871676 | 0.414316 | 0.365238 | 0.329719 | 0.3026859
1 0.830625 | 0.57386 | 0.4560401 | 0.387619 | 0.342476 | 0.310195 | 0.2857984
1.5 0.747966 | 0.479726 | 0.3798913 | 0.326481 | 0.292546 | 0.268689 | 0.250766
2 0.702596 | 0.447731 | 0.3573919 | 0.3097253 | 0.279535 | 0.258282 | 0.2422599
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Rv 2 verses h/b for = 0.5, b = b*
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0.8
S 06
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——A=0 ——A=5 A=10 A=15 ——A=20 ——A=25 ——A=30

And the stress at x = 0 we have

" W, | 2sina, b mm c2 .
g, Ssft2 + q T +F(1+I‘) 0.5qb? sin @y b
L S !
@ 9 = ok,
B (1+70)3 n
W, 2sina,b
— Z (—” +o— ) et et eee eee eee eee eee eee eee eee eet ees eee eee eee ene s 129
q ' nm
=1
And the reaction at x = b + ¢ we have
" W, | 2sina, b mm c2 .
) q YT T I['(1+T)0.5qb? sinay b
Reaction = Z 2k, A 3 CoS a, N1
(mn)
n=1 m + anA
- W, 2sina,b
- Z (— + = ) COS Uy TMTT v cev e e e wee wen wen e ne we wen s 130
i\ q I nm

Please note the stress with wn is not define at +b because it reverses from compression to tension
for the reaction. So, for the shear and stress depending on how high 7 is taken for conversion
calculations, the stress can at x =+0.999b and not b. Also, this happens for //b is small. So, for
example when 4/b = .001 with nominal 4 the live load stress on the beam should match the dead
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load stress on the beam at x/b =0.99. Attached on my web page is an excel spreadsheet. The best

is to have a general program for the solution where n can be taken to a very high number. The
spreadsheet goes to n = 5000 so it can be posted on my webpage for a smaller file size. It is
recommended to extend to at least n = 20000.

Again, we assume the beam is glued to the mass media and it can experience a vertical stress and

a tension stress.

Table 20 Stress 2 at x = 0 verses h/b for = 0.1

h/b A=0 A=5 A=10 A=15 A=20 | A=25 A=30
1E-13 | -0.99932 | -0.99932 | -0.99932 | -0.99932 | -0.99932 | -0.99932 | -0.999321
0.1 |-0.99938 | -0.99855 | -0.99772 | -0.996889 | -0.99606 | -0.99523 | -0.994408
0.2 |-0.99934 | -0.99279 | -0.98631 | -0.97991 | -0.97359 | -0.96734 | -0.961172
0.3 |-1.00008 | -0.97922 | -0.95932 | -0.94026 | -0.92199 | -0.90444 | -0.887544
04 |-1.00565 | -0.94167 | -0.88908 | -0.844545 | -0.80599 | -0.77203 | -0.741693
0.5 |-1.01221 | -0.86273 | -0.75919 | -0.682763 | -0.62371 | -0.57649 | -0.537687
0.6 |-1.01401 | -0.7596 | -0.60708 | -0.506251 | -0.43513 | -0.38258 | -0.342362
0.7 |-1.00978 | -0.65747 | -0.46918 | -0.354556 | -0.27903 | -0.22653 | -0.188635
0.8 |-1.00104 | -0.57045 | -0.35958 | -0.238664 | -0.16285 | -0.11256 | -0.077931
0.9 |-0.98992 | -0.50218 | -0.27816 | -0.155028 | -0.08053 | -0.03282 | -0.001195
1 -0.97814 | -0.45104 | -0.21972 | -0.09628 | -0.02347 | 0.021962 | 0.0511994
15 | -0.93391 | -0.34371 | -0.10557 | 0.0148063 | 0.082425 | 0.122414 | 0.1464632
2 -0.91639 | -0.32277 | -0.08579 | 0.0330934 | 0.099373 | 0.138209 | 0.1612637
Stress 2 at x = O verses h/b for [ =0.1
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Stress 2 and reaction at=0.1, h/b=0.5
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Table 21 Stress 2 at x = 0 verses h/b for = 0.5

h/b A=0 A=5 A=10 A=15 A=20 | A=25 A =30
1E-13 | -0.99989 | -0.99989 | -0.99989 | -0.99989 | -0.99989 | -0.99989 | -0.99989
0.1 |-0.99993 | -0.999094 | -0.998263 | -0.997433 | -0.996604 | -0.99578 | -0.994951
0.2 | -0.99988 | -0.99327 | -0.986744 | -0.980302 |-0.973943 | -0.96767 | -0.961469
0.3 | -1.00049 | -0.978746 | -0.957953 | -0.938047 | -0.918969 | -0.90066 | -0.883083
04 | -1.00831 | -0.954998 | -0.907667 | -0.865283 |-0.827044 | -0.79232 | -0.760609
0.5 | -1.0234 | -0.914948 | -0.829169 | -0.759415 | -0.70143 | -0.65236 | -0.610211
0.6 | -1.03734 | -0.854884 | -0.728687 | -0.63611 |-0.565232 | -0.50918 | -0.463698
0.7 | -1.04297 | -0.780886 | -0.622444 | -0.516696 | -0.44133 | -0.38504 | -0.341485
0.8 |-1.03763 | -0.702642 | -0.523781 | -0.413591 | -0.339515 | -0.28668 | -0.247348
0.9 | -1.02208 | -0.627844 | -0.438962 | -0.329914 | -0.25993 | -0.21183 | -0.177128
1 | -0.99879 | -0.560712 | -0.369056 | -0.263956 | -0.198934 | -0.15556 | -0.125089
15 | -0.85212 | -0.351264 | -0.179459 | -0.096764 | -0.0504 | -0.02211 | -0.003957
2 | -0.75185 | -0.270081 | -0.115318 | -0.04363 | -0.004828 | 0.017936 | 0.0318659
Stress 2 at x = 0 verses h/b for T = 0.5
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Stress 2

Stress 2

Stress 2 and reaction at = 0.5, h/b =0.5
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Stress 2 and reaction at[=0.5, h/b=1
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W, b sina,b 2C2

@, +2qt(b+t) o2 t—3 sina, b
Elv, = —
3 + Skn
n T BE]
w Wa(1+1) 1+ 0D)sina,b 1 C2 .
Elv(x)2 1 q T 21 (mn)Z " T0.5qb2 > %n b
54b7 :?Z COE (cosa, x
— 2 o aml 4 2k, A
24 24 (1+1)3
—cosa, b) ..131

The deflection does not take into account the moment of inertia of the elastic media, so it is
conservative. But for a media such as soils where tension is not allowed it is accurate and useful.

6/602atl=0.1, h/b=0.5

1.2

6/60 2

1.5

" x/b

—A=0 =—A=5 A=10 A=15 —=——A=20 =———A=25 —A=30
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0/002atl=0.5h/b=0.5

1.2

N
3
S
-2.5 2,5
-0.6
x/b
——A=0 —A=5 A=10 A=15 ——A=20 ——A=25 ——A=30
o 251nanb+ nm C2 b

EIV'(x)2 q TTm  TTA +1)05qp2 5 %n

qb3 32 ..132

n=1

(””))3 + 2k, A

We rewrite 2Bkn from before as

And we have

W, = -

(14T
an+cn
2Pk, =
Bkn ,
2p
dp an—byp—cy—1
28 2

(an + Cn)(Wnl — Wn2o — Wns)Wn

a, —b,—c,—1

We note p does not enter the equations

The total reaction at the column is 2(b + ) p + 2(b + 1) q.

Once D is found the stresses for p = 0 are
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W, | 2sina, n .
Ly at t g tTTar TTA+ 1) 05¢h2 SN b
(et ) (nn)?
a+10)° + 2k, A
_ Wy 136
4 "
Where:

W1, = Wnq — Wpp — Wp3)wy,
an = —[ca(1 + 2a,h) + 2a2h*|e~2ank
b, = [2¢c, — 1 + 2a,h]e~2%n"

2a2h?e2anh

(1 = 2a,h)e2eh — 1

cp, =1+

d,=a,—b,—c,—1
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an + ¢,

k, = —
n dn
(a, + cp) Wy — Wy — Wyz)W,
Wn = — n (Z _7’;)1 — CTlZ_ 1) n3 n + (Wn1 + Wn3)Wn
n n n
Wni1 = _Wn3(1 + Zanh)e_zanh - (1 + anh)e_anh

Wyy = 2W”3e—2anh + e—anh
a,he ™%
(1 = 2a,h)e2anh — 1

Wp3 =

Rewrite for the excel sheet

o =—Zcosa x[(a D+ w,w, + (byyD 4+ wypw,) ——— m y)e—an(h—y)
y n nil nli1"vn nil n21¥n (1+F)b

mn X) -ty 4 Z_qsm a, b]
(1+0D)b ' nm

n=p

+ (an + wpsw, + D

m Y\ -« (h-y)
o, = kg cos ap x || ap1D + Wy Wy, + (b D + Wy wy) ———=<=]e™%n

1+D)b
m_y _any_Z_qsinanb]
+<CnD+Wn3Wn+D—(1+F)b)€ E—

o]

+ 2k, Z cos an x[(me + Wpaywy)e ™ onh=) — De—“”y] —b<x

n=¢
<b..138

o0
Z sina, x [(anl + bp1)D + Wp11Wy + W Wy + (b D
n=¢

+ Wp21Wy) (ITF) Z) e~ n(h=y)
<_(C" — DD — wyswy — (1?1“) z) ‘“"y] —b<x<bh....139
Ay = ane™ = —[c,(1 + 2a,h) + 2a2h*|e~n"
by, = be™Y = [2c, — 1 + 2a,hle~ %/
Whi1 = WpieY = —w, (1 + 2a,h)e~ %" — (1 + a,h)

WTl21 == anea"y = 2Wn3e_a"h + 1
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Example 3:

In example 1 we used a 30 ft wall to approximate an infinite wall. When redoing the calculation
with 4/b =15 and 4 = 50.85 Rm is identical to the example = 0.084496 at x = 0.615b and Rv =
0.025824 verses 0.025824 at x = -0.3787b is also identical.

Example 4:

An underground tunnel made from timber 30 ft deep 8 ft wide. The ribs are 12x12 actual
11.25”x 11.25” timber spaces at 5 ft on center. It is required to investigate the 5 ft lagging
spanning from rib to rib. It is a simple span condition. We try the lagging is 4x12 actual 3.5” x
11.25” Eserr=1111psi, 1/=Es/(1-v")=1221 psi. t/b=0.5. p = 120*30*11.25/12 = 3375 Ibs/ft. Ko =
0.428571 forv=0.3.0x1 /p=-0.23174 at x = 0 and y = 0 so we have compression everywhere
and the solution is applicable for soils. A = 2.56303 and h/b =12. Thus Rm1 = 0.649475 thus
Mmax =3375*0.649475*52/8 = 6849.93 |bs-ft. Sx required for Fb = 900*1.1 = 990 psi for
flatwise condition for 4x12 timber is 6849.93*12/990 = 83.03 in® > 11.25*3.52/6 = 22.97 in®so it
is no good. We try 10x12 lagging ox 1 /p =-0.41282 at x = 0 and y = 0 so we have compression
everywhere and the solution is applicable for soils. A = 0.13885 and h/b =12. Thus Rm1 =
0.972179 thus Mmax =3375*0.972179*52/8 = 10253.45 Ibs-ft. Sx required for Fb = 900*1.1 =
990 psi for flatwise condition for 10x12 timber is 10253.45*12/990 = 124.28 in3< 11.25*%9.25%/6
=160.43 in3. At x/b = 0.69167 Rv=0.672171 or V = 1.5*%3375*0.672171*2.5/(11.25%9.25) =
84.12 psi < 95 psi so the shear is OK. Thus, 10x12 lagging is good. Finding the strength of the
ribs is not part of this example.

Example 5:

A semicircular culvert measures 15 ft to the above grade at the center of the semicircle. The
radius is 10 ft so at the bottom it is 20 width. Soil weight is 120 pcf Ko = 0.5. We assume 7 ft
lateral for the horizontal pressure and 14.28 ft vertical pressure with 1543 = 18 ft overburden.
The culver has ribs made from bended pipe at 2.4 ft O.C. and the lagging is corrugated sheet
metal. The 2.4 ft was selected to have everything in compression in the soil. We are to check the
strength of the corrugated sheet metal. We assume the corrugated sheet metal is simply

supported on the ribs.
49

F 1

SECTION PROPERTIES
NOM. TOP IN COMPRESSION BOTTOM IN COMPRESSION
THICK WT. Fy I Sx Fo Iy S, Fo
GAUGE (IN.) (PLF) (KSI) (in.*) (in.%) (KSI) (in.%) (in.3) (KSI)
18 049 0.97 33.0 0471 10949 19.8 0471 0853 19.8

82



So Es,eff =1111psi, 1/3=Es/(1-v*)=1221 psi forv=0.3.1=.0471 b= 1.2 ft Es = 29000 ksi thus 4
=16.02,t/b=0.5and s=4.75" p=120*18 = 2160 Ibs/ft. Rm1 = 0.210373 Rv1 = 0.441536 thus
Max = 2.160*0.210373*2.4%/8 = 0.3272 kip -ft. The allowable section modulus =
0.3272*12/19.8 = 0.918 in3 per 12-inch strip for s = 4.75 the available section modulus becomes
0.0853*12/4.75=0.21in3® > 0.918 in3 so the flexure is OK. The shear V = 2.160*0.441536*2.4/2
= 1.1445 Kips.

The area = 0.97/490 = 0.002 ft2 or 0.285 in?so fv = 1.1445/0.285 = 4.01 ksi < 0.4*33 = 13.2 ksi
OK. Checking the lateral pressure, we have at the bottom (15+7) *120*Ko = 1320 lbs/ft < 2160.
Thus, the vertical pressure controls the design of the corrugated sheet metal. Thus, the
corrugated sheet metal checks and is OK. The design of the ribs made out of pipes is not part of
the example.

Closed form solution #4 fixed span beam with height A:

Setting the rotation to be zero at x = £b for ¢ = 0 we have.

© 2(1+F)smanb+ €2 T sina, b

3 mn 0.5pb2 (1+7T) neo
= FZ COE sina, b
n:

Aty + 2knd

0 sina, b 0
2(14+1) n 2
= n smanb+zospb (1+F)

= (1(’_1"%)3 + 2k, A (1(’_1"%)3 + 2k, A

sina, bsina, b

) (sina, b)?

mn
N o5

+ 2k, A
C21 3
=— (1 + D S 1 10)

0.5pb? ) (1 m I‘) (sina, b)?

n=1""(7n)3
(1+70)3

214T

+ 2k, A

And Rm1+ is, note: the maximum positive moment may not be at x = 0 depending on 4

. C2 1+7) .
+ 1< 4sina, b — 4k, A (0.5 bz)( po )smanb C?
Rml+=—0 =3|= P + 141
Db I 1 )’ s 05pD7| "
6 = (1+71)3 n
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Table 22 Rm 1+ verses h/b for'=0.1

h/b A=0 A=10 A=20 A=30 A=140 A=50 A =60
1E-
13 0.999951 | 0.999951 | 0.999951 | 0.999951 | 0.99995096 | 0.999951 | 0.999951
0.1 | 0.999951 | 0.998383 | 0.996821 | 0.995263 | 0.99371005 | 0.992162 | 0.9906192
0.2 | 0.999951 | 0.988358 | 0.977034 | 0.965971 | 0.95515929 | 0.94459 | 0.9342565
0.3 | 0.999951 | 0.964717 | 0.93186 | 0.901151 | 0.8723885 | 0.845396 | 0.8200173
0.4 | 0.999951 | 0.928113 | 0.86552 | 0.81054 | 0.76189838 | 0.718586 | 0.6797946
0.5 | 0.999951 | 0.884514 | 0.79151 | 0.715142 | 0.651433 | 0.597565 | 0.5514872
0.6 | 0.999951 | 0.841114 | 0.722643 | 0.631228 | 0.55878815 | 0.50014 | 0.4518116
0.7 | 0.999951 | 0.803077 | 0.665842 | 0.565243 | 0.48869295 | 0.428736 | 0.3806792
0.8 | 0.999951 | 0.772618 | 0.622556 | 0.516785 | 0.43867458 | 0.378937 | 0.3319877
0.9 | 0.999951 | 0.749726 | 0.591226 | 0.48265 | 0.40415017 | 0.345104 | 0.2993234
1 0.999951 0.73327 | 0.569312 | 0.459225 | 0.38078797 | 0.322454 | 0.2776398
1.5 | 0.999951 0.70313 | 0.530431 | 0.418548 | 0.34084387 | 0.284176 | 0.2413245
2 0.999951 | 0.699571 | 0.525944 | 0.413925 | 0.33635337 | 0.279908 | 0.2373007
Rm 1+ verses h/b for = 0.1
1.2
1
0.8
+
i
80'6
o
0.4
0.2
0
0 0.5 1 1.5 2 2.5
h/b
—A =0 A=10 A=20 A=30 =——A=40 =———A=50 oe——A=60
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Table 23 Rm 1 + verses h/b for = 0.5

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60

1E-13 | 0.999909 | 0.999909 0.999909 0.999909 | 0.99990882 | 0.999909 | 0.9999088

0.1 0.999909 | 0.998372 0.996839 0.995312 | 0.99378887 | 0.992271 | 0.9907579

0.2 0.999909 | 0.988781 0.977913 0.967294 | 0.95691684 | 0.946773 | 0.9368535

0.3 0.999909 | 0.967093 0.936445 0.90776 | 0.88085563 | 0.855572 | 0.8317669

0.4 0.999909 | 0.935255 0.878464 0.828206 | 0.78343392 | 0.74331 | 0.7071564

0.5 0.999909 | 0.898799 0.815667 0.746202 | 0.68735739 | 0.636924 | 0.5932582

0.6 0.999909 | 0.862153 0.755944 0.671778 | 0.60359578 | 0.547353 | 0.5002502

0.7 0.999909 | 0.827676 0.702616 0.608077 | 0.53436923 | 0.475479 | 0.4274808

0.8 0.999909 | 0.796564 0.656754 0.555309 | 0.47872612 | 0.419123 | 0.3715985

0.9 0.999909 | 0.769451 0.618469 0.512661 | 0.43487749 | 0.375611 | 0.3291725

1 0.999909 | 0.746567 0.587329 0.478896 | 0.40087229 | 0.342413 | 0.2972326

1.5 0.999909 | 0.684949 0.508518 0.39703 | 0.32099004 | 0.266306 | 0.2254128

2 0.999909 | 0.669306 0.48961 0.378128 | 0.30305216 | 0.249574 | 0.2098857

Rm 1 + verses h/b forl =0.5

1.2

0.8

0.6

Rmi1+

0.4

0.2

h/b

—A=0 A=10 A=20 A=30 =—A=40 ——A=50 —=—A=60

And Rmi- is
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Rml-= ——

—pb?
3
31 & 4sina, b — 4k, A <0.5C;b2) (17T‘|;IF) sina, b
=3It )3 cos a,b
n=1 m + 2k, A
C2
Table 24 Rm 1 - verses h/b for [ = 0.1

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 1.000025 | 1.000025 1.000025 1.000025 | 1.00002452 | 1.000025 | 1.0000245
0.1 1.000025 | 0.999284 0.998544 0.997807 | 0.99707129 | 0.996337 | 0.9956053
0.2 1.000025 | 0.994063 0.988203 0.982443 | 0.97678025 | 0.971211 | 0.9657331
0.3 1.000025 | 0.98062 0.962237 0.944789 | 0.92819977 | 0.912402 | 0.8973358
0.4 1.000025 | 0.95914 0.922618 0.889749 | 0.85997236 | 0.832841 | 0.8079907
0.5 1.000025 | 0.933217 0.877679 0.830639 | 0.7901768 | 0.754921 | 0.7238644
0.6 1.000025 | 0.907266 0.835588 0.778258 | 0.73115992 | 0.691636 | 0.6578891
0.7 1.000025 | 0.884476 0.800808 0.737005 | 0.68645644 | 0.64522 | 0.610796
0.8 1.000025 | 0.866215 0.774303 0.706731 | 0.65460182 | 0.61292 | 0.5786579
0.9 1.000025 | 0.85249 0.755128 0.685429 | 0.63265586 | 0.591034 | 0.5571726
1 1.000025 | 0.842624 0.741723 0.670825 | 0.61782886 | 0.576414 | 0.5429501
1.5 1.000025 | 0.824557 0.717955 0.645497 | 0.59252415 | 0.551767 | 0.5192063
2 1.000025 | 0.822424 0.715213 0.642621 | 0.5896826 | 0.549023 | 0.5165806

86




1.2

Rm1- verses h/b for[=0.1

0 0.5 1 1.5 2 2.5
h/b
—A=0 A=10 A=20 A=30 ——A=40 ——A=50 ——A=60
Table 25 Rm 1- verses h/b for = 0.5

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 1.000046 | 1.000046 1.000046 1.000046 | 1.00004559 | 1.000046 | 1.0000456
0.1 1.000046 | 0.999581 0.999118 0.998657 | 0.99819622 | 0.997737 | 0.9972794
0.2 1.000046 | 0.996195 0.99242 0.988718 | 0.98508605 | 0.981523 | 0.978026
0.3 1.000046 | 0.987408 0.97545 0.96411 | 0.95333555 | 0.943078 | 0.9332962
0.4 1.000046 | 0.97257 0.947801 0.92531 | 0.90475491 | 0.885861 | 0.8684047

0.5 1.000046 | 0.952792 0.912461 0.877482 | 0.84673991 | 0.819417 0.7949
0.6 1.000046 | 0.929925 0.87337 0.826488 | 0.78677611 | 0.752547 | 0.7226189
0.7 1.000046 | 0.905967 0.834211 0.77721 | 0.73052288 | 0.691362 | 0.6578864
0.8 1.000046 | 0.88272 0.79783 0.732948 | 0.68135135 | 0.639071 | 0.6036074
0.9 1.000046 | 0.861518 0.765953 0.69532 | 0.64052962 | 0.596489 | 0.5601135
1 1.000046 | 0.84312 0.739251 0.664601 | 0.60785843 | 0.562945 | 0.5262956
1.5 1.000046 | 0.792188 0.66965 0.587817 | 0.52869721 | 0.483616 | 0.4478665
2 1.000046 | 0.779074 0.652694 0.569804 | 0.51063227 | 0.465894 | 0.4306407
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Rm 1- verses h/b for = 0.5

1.2
1
0.8
e 0.6
o
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0
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h/b
—A=0 A=10 A=20 A=30 —A=40 ——A=50 —A=60

Rvl, the stress and deflections are the same just C2 is different

" 2nn_ kA Cc2
o. n 2
Ryl = {_p;; = Z ra +(F7T)n)3 [0.5pb sina, bsina, b* ... .. e vv v ... 143

Table 26 Rv 1 verses h/b for ' = 0.1

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60

1E-13 | 0.999755 | 0.999755 | 0.999755 | 0.999755 | 0.99975487 | 0.999755 | 0.9997549

0.1 0.999755 | 1.002742 | 1.005721 | 1.008692 | 1.01165495 | 1.01461 | 1.0175573

0.2 0.999755 | 1.005983 | 1.012076 | 1.018038 | 1.02387243 | 1.029584 | 1.0351756

0.3 0.999755 | 1.004562 | 1.008983 | 1.013055 | 1.01680963 | 1.020275 | 1.0234777

0.4 0.999755 | 0.999488 | 0.998921 | 0.998122 | 0.99713943 | 0.996013 | 0.9947744

0.5 0.999755 | 0.992637 0.98616 0.980203 | 0.9746773 | 0.969517 | 0.9646723

0.6 0.999755 | 0.985595 | 0.973884 | 0.963892 | 0.95516971 | 0.947419 | 0.9404372

0.7 0.999755 | 0.979366 | 0.963671 | 0.950967 | 0.94030811 | 0.931126 | 0.923056

0.8 0.999755 | 0.974366 | 0.955879 | 0.941476 | 0.92971965 | 0.919797 | 0.9112109

0.9 0.999755 | 0.970606 | 0.950243 | 0.934804 | 0.92243584 | 0.912137 | 0.9033131

1 0.999755 | 0.967903 | 0.946305 | 0.930234 | 0.91752207 | 0.90703 | 0.8980973

1.5 0.999755 | 0.962955 | 0.939327 | 0.922319 | 0.90915088 | 0.89844 | 0.8894139

2 0.999755 | 0.96237 | 0.938523 0.92142 | 0.90821191 | 0.897485 | 0.8884553
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1.06
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Rv1versesh/bforT=0.1x=b
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h/b
—A=0 A=10 A=20 A=30 ——A=40 ——A=50 ——A=60
Table 27 Rv 1 verses h/b for [ = 0.5
h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 0.999909 | 0.999909 | 0.999909 | 0.999909 | 0.99990883 | 0.999909 | 0.9999088
0.1 0.999909 | 1.004158 | 1.008399 | 1.012631 | 1.01685509 | 1.02107 | 1.0252767
0.2 0.999909 | 1.011678 | 1.023267 | 1.034681 | 1.04592511 | 1.057003 | 1.0679183
0.3 0.999909 | 1.016911 | 1.033074 | 1.048467 | 1.06314793 | 1.077171 | 1.090583
0.4 0.999909 | 1.017324 | 1.032742 | 1.046481 | 1.05879199 | 1.069878 | 1.0799054
0.5 0.999909 | 1.012099 | 1.021396 | 1.028516 | 1.03396112 | 1.038097 | 1.0411934
0.6 0.999909 | 1.0018 1.001239 | 0.999091 | 0.99589769 | 0.992008 | 0.9876571
0.7 0.999909 | 0.988184 | 0.976304 | 0.964597 | 0.95322172 | 0.942249 | 0.9317086
0.8 0.999909 | 0.973319 | 0.950515 | 0.930416 | 0.91238486 | 0.896008 | 0.8809992
0.9 0.999909 | 0.958879 0.92658 0.899784 | 0.87679877 | 0.856632 | 0.8386487
1 0.999909 | 0.945903 | 0.905877 | 0.874031 | 0.84754037 | 0.824835 | 0.8049596
1.5 0.999909 | 0.908771 0.85026 0.807871 | 0.77485945 | 0.747915 | 0.7251991
2 0.999909 | 0.899056 | 0.836507 | 0.792136 | 0.75806586 | 0.730537 | 0.7075026
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Rv1versesh/bforT=0.5atx=b
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= 06
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h/b
—A =0 A=10 A=20 A=30 =———A=40 =——A=50 e=——A=60
2(1+I‘)+ mmn C2
o sftl 1 . 2
Yatx = =f—=—22knA m (A4 D) 05pbE e b1 144
P po T Tt k4
(1+1)3

) sftl
Reactionatx =b+t =——

(1 +7) mn C2

© +
lz m (1+1)0.5pb® sina, bcosmn + =...... ... ... 145
=] T ok,4 r
(1+71)3
Table 28 Stress 1 at x = 0 verses h/b for I’
=0.1
h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 -1 -1 -1 -1 -1 -1 -1

0.1 -1 -0.99834 | -0.99668 | -0.99502 | -0.9933774 | -0.99174 | -0.990099
0.2 -1 -0.98683 -0.974 -0.9615 -0.9493263 | -0.93745 | -0.925877
0.3 -1 -0.95618 | -0.91592 | -0.87882 | -0.8445555 | -0.81282 | -0.783373
04 -1 -0.90391 | -0.82254 | -0.75306 | -0.6932617 | -0.64145 | -0.596278
0.5 -1 -0.83966 | -0.71528 | -0.61704 | -0.5382516 | -0.47424 | -0.421654
0.6 -1 -0.77527 | -0.61483 | -0.49664 | -0.4074426 | -0.33882 | -0.285181
0.7 -1 -0.71877 | -0.53181 -0.4017 -0.3081012 | -0.23908 | -0.18721
0.8 -1 -0.67351 | -0.46846 | -0.33181 | -0.2369526 | -0.16917 | -0.119707
0.9 -1 -0.63948 | -0.42256 | -0.28247 -0.187685 -0.12147 | -0.07416

1 -1 -0.61502 | -0.39043 | -0.24856 | -0.1542644 | -0.08942 -0.04379
1.5 -1 -0.5702 -0.33337 | -0.18957 | -0.0969685 | -0.03506 | 0.0073187

2 -1 -0.56491 | -0.32678 | -0.18286 | -0.0905168 | -0.02898 | 0.0129983
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Stress 1 at x =0 verses h/b for =0.1
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Stress 1 and reaction at =0.1, h/b = 0.5
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Stress 1 and reaction at[ =0.1, h/b=1

12

10

|
i

8
6
-
g 4
(Y}
2
-1.5 - 55 oy 85 1.5
-2
-4
x/b
—A=0 A=10 A=20 A=30 ——A=40 ——A=50 ——A=60
Table 29 Stress 1 at x = 0 verses h/b for = 0.5
h/b A=0 A=10 A=20 A=30 A=40 A=50 A =60
1E-13 -1 -1 -1 -1 -1 -1 -1
0.1 -1 -0.99834 | -0.99668 -0.99502 -0.9933774 -0.99174 -0.990099
0.2 -1 -0.98682 | -0.97399 -0.96149 -0.9493129 -0.93744 -0.92586
0.3 -1 -0.95598 | -0.91549 -0.87816 -0.8436601 -0.8117 -0.782032
0.4 -1 -0.90474 | -0.82343 -0.75351 -0.6929952 -0.64031 -0.594181
0.5 -1 -0.84591 | -0.72394 -0.62593 -0.5461756 -0.48058 -0.426126
0.6 -1 -0.79022 | -0.63551 -0.51852 -0.4283021 -0.3576 -0.301461
0.7 -1 -0.74158 | -0.56288 -0.43471 -0.3402506 -0.26914 -0.214713
0.8 -1 -0.70038 | -0.50477 -0.37068 -0.2755015 -0.20617 -0.15468
0.9 -1 -0.66609 | -0.45877 -0.32193 -0.2277433 -0.16095 -0.112522
1 -1 -0.63802 | -0.42266 -0.28486 -0.1923269 -0.12809 -0.082419
1.5 -1 -0.56486 | -0.33469 -0.19877 -0.1130208 -0.05658 -0.018398
2 -1 -0.5466 -0.31402 -0.17937 -0.0956799 -0.0413 -0.004973
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Stress 1 at x = 0 verses h/b for = 0.5

0.5 | 2
-0.2
-0.4
—
§ -0.6
3
-0.8
-1
-1.2
h/b
—A=0 e————A=10 ————A=20 -—-A=30 =——A=40 ———A=50 e—A=60
Stress 1 and reaction at = 0.5, h/b = 0.5
3
E % 2.5 E %
2
1.5
1
—
n 0.5
4 5
a \v}
-2.5 -2 -1.5 1.5 2
-2.5
x/b
—A=(0 e———A=10 ———A=20 -—--A=30 =——A=4) ———A=50 o—A=60
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Stress 1 and reaction at[ =0.5, h/b=1

2.5
2
1
. 05
g 0
#2.5 2 15 1 0370 0.5 1 15 2 2.5
vV ¥
-2
2.5
x/b
——A=0 ——A=10 A=20 A=30 =——A=40 ———A=50 =——Az60
,A+D? (2
El v(x)1 (7n)? O.Spb2 )
T_ T Z o (cosa, x —cosa, b)sina, b ... ............147

The deflection does not take into account the moment of inertia of the elastic media, so it is
conservative. But for a media such as soils where tension is not allowed it is accurate and useful.
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0/601atl=0.1,h/b=0.5

1.2
g
o 0.4
0.2
0
-1.5 -1 -0.5 0 0.5 1 1.5
-0.2
x/b
A=0 A=10 A=20 A=30 =———A=40 =———A=50 =—A=60
0/001atl=0.5,h/b=0.5
1.2
g
)
0.4
0.2
0
-2.5 -0.5 0 0.5 2.5
-0.2
x/b
—A=0 =———A=10 =——A=20 A=30 =———A=40 =———A=50 e—A=60
o sina, b C2 m .
T = FZ (7'[7’1)3 SINAy X ces s e e e e e
= n=1 ——2=+ 2k, A
3 (1+71)3 n

Once D is found the stresses at ¢ = 0 are
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= S D b V) gany

0y = — cosa, x|{a, + nmg e +lc, +

n=¢

y
-p(1- E) et et et et e et o et et e et ot e et e et e eee e enee 12149
- moy\ o
o, =k Z Dcos ay x (| ay, +bnmE e +\c, +
n=¢
+ 2k, Z D cos a, x[b,e® Y — e Y] — kqp ( ..150
n=¢
=Y Dsi by) + by 2 ) etnY
Tyy = sina, x|\ a, + by) + nmg e
n=¢
+ ( (e —1) — X) e‘“"y] 151
n 7105
21+10D) 4T Cc2
2k, A 2

D=-p L m (d+0)0.5pb SINAp D v v e e e e e eve e v 152

I'(a, +c,) (n)3 4 2kA

(1+71)3 n

an = —[cn(1 + 2a,h) + 2a2h?|e~20nk
b, = [2¢c, — 1 + 2a,h]e 2%k

202 h%e~2anh
(1 —2a,h)e 2 — 1

cp, =1+

d,=a,—b,—c,—1

a, +c,

k, = —
n dn

Rewrite for the excel sheet
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= m y m o y\
__ZDCOS“"X[(C‘M+b"1(1+r)5)+(cn+(1+r)5)e any]

n=g
-p(1 —%) e 153

= — — —_— e n.
Oy 0 cosa, X |\ anq n1(1+r)b Cn (1+F)b
n=¢

+ 2k, Z D cos a, x[by, — e~ *Y] — kop (1 - %) cet ere wee vee e e e 154
n=¢

«© . mm 'y
= Z Dsina,x [(an1 + bp1) + by (1+1) E)
n=¢

m y\ _
+ ( —(cp,—1)— a+D B) e “ny] S Bo 1o
Any = ane™ = —[c (1 + 2a,h) + 2a2h*|e~ "

by, = bye®Y = [2¢c, — 1 + 2a,hle” %"

The stresses with g = 0 are:
Now setting the rotation to be zero at x = +b for p = 0 we have:

gsm a, b nm C2

_3 OOT I mn +F(1+F)O.5qbzsmanb _ b
COE sin a,,
=1 T 4 2k, A
(140D
i C2
°° %+%Smnc:lnb mni r.)0quzsmanbsmanb
0= Z ((Ztn)3 sina, b + Z (nn)
. 2
—2/” sina, b+ 2 —(sm;rr,z b)
Yo
)
q . (1+F) (sina, b)?
n=1 (T[n)3
(R

Note: the maximum moment may not be at x = 0 depending on 4
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2nnl_ W, 4 c2 (1+D) .
® n 4k, A n
1T+ q Ta+nSNab - Hadgerp sinay b
Rm2+= =3|) =
— T T L ok,a
"= a+n3
+ ¢z 157
0.5gb? -
Table 30 Rm2+ verses h/b for = 0.1
h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 | 0.999951 | 0.999951 0.999951 0.999951 | 0.99995096 | 0.999951 | 0.999951
0.1 1.000115 | 0.998547 0.996984 0.995426 | 0.99387263 | 0.992325 | 0.9907813
0.2 1.000922 | 0.989317 0.977982 0.966907 | 0.95608366 | 0.945504 | 0.935159
0.3 1.002199 | 0.966875 0.933934 0.903146 | 0.87430978 | 0.847248 | 0.8218049
0.4 1.002979 | 0.930966 0.868214 0.813089 | 0.76431422 | 0.72088 | 0.6819768
0.5 1.001226 | 0.885941 0.793031 0.716717 | 0.65303264 | 0.599169 | 0.5530826
0.6 0.995996 | 0.838496 0.720961 0.630219 | 0.55827295 | 0.499993 | 0.4519402
0.7 0.987893 | 0.794486 0.659579 0.560616 | 0.48525627 | 0.426187 | 0.3788059
0.8 0.978185 | 0.757132 0.611111 0.50811 | 0.43198114 | 0.37371 | 0.3278726
0.9 0.968082 | 0.727237 0.574573 0.469914 | 0.39418369 | 0.337171 | 0.2929271
1 0.958444 | 0.704185 0.547764 0.442664 | 0.36772175 | 0.311941 | 0.2690511
15 0.926194 | 0.651872 0.492221 0.388759 | 0.31687964 | 0.264441 | 0.2247715
2 0.914313 | 0.639852 0.481194 0.378821 | 0.30792247 | 0.256327 | 0.217375
Rm2+ verses h/b for [ =0.1
1.2
1 \
0.8
+
‘c 06
o
0.4
0.2
0
0 05 1 1.5 25
h/b
—A=0 A=10 A=20 A=30 ———A=40 ———A=50 =——A-=60
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Table 31 Rm2+ verses h/b for = 0.5

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 0.999909 | 0.999909 0.999909 0.999909 | 0.99990882 | 0.999909 | 0.9999088
0.1 1.000075 | 0.998537 0.997004 0.995477 | 0.99395379 | 0.992436 | 0.9909225
0.2 1.001236 | 0.990094 0.979211 0.968579 | 0.95818814 | 0.948031 | 0.9380988
0.3 1.00447 | 0.971484 0.940678 0.911845 | 0.88480226 | 0.859389 | 0.8354625
0.4 1.010034 | 0.944653 0.887224 0.836401 | 0.79112512 | 0.75055 | 0.7139909
0.5 1.015145 | 0.912496 0.828087 0.757544 | 0.69777974 | 0.646551 | 0.6021921
0.6 1.015705 | 0.876153 0.768512 0.683175 | 0.61401449 | 0.55694 | 0.5091207
0.7 1.009098 | 0.836346 0.710805 0.61582 | 0.54169997 | 0.482428 | 0.4340767
0.8 0.994937 | 0.794493 0.656503 0.556245 | 0.48045463 | 0.421386 | 0.374221
0.9 0.974435 | 0.75251 0.606878 0.50464 | 0.42934376 | 0.371864 | 0.3267393
1 0.949544 | 0.712205 0.562738 0.460747 | 0.38719796 | 0.331966 0.28918
1.5 0.818343 | 0.563711 0.420807 0.330314 | 0.2684521 | 0.223856 | 0.1904226
2 0.735459 | 0.493921 0.362498 0.280867 | 0.22582275 | 0.186559 | 0.1573764
Rm2+ verses h/b for [ = 0.5
1.2
1
0.8 \
+
‘06
o
0.4
0.2
0
0 0.5 1 15 25
h/b
——A=0 A=10 A=20 A=30 ——A=40 ———A=50 ——A =60
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- W
’ ( )
" 2nonl’ W, . c2 (1+r
3 1{T+D g + a+D sina, b — 4k, A 05qbZ mn sina, b
= —= = 3 cos ayb
= ) ok.a
n= (1+71)3 n
+ ¢z 158
0.5gb? .
Table 32 Rm2- verses h/b for [ =0.1
h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 1.000025 | 1.000025 1.000025 1.000025 | 1.00002452 | 1.000025 | 1.0000245
0.1 0.999892 | 0.99915 0.998411 0.997673 | 0.99693662 | 0.996202 | 0.9954697
0.2 0.997645 | 0.991677 0.985812 0.980047 | 0.97437772 | 0.968803 | 0.9633198
0.3 0.99255 | 0.973146 0.954763 0.937318 | 0.92073191 | 0.904939 | 0.8898776
0.4 0.985821 | 0.945045 0.90863 0.875865 | 0.84619108 | 0.819159 | 0.7944068
0.5 0.978196 | 0.91188 0.856781 0.810136 | 0.77003524 | 0.735112 | 0.7043624
0.6 0.970059 | 0.87862 0.808015 0.751585 | 0.7052618 | 0.666417 | 0.6332733
0.7 0.961768 | 0.848841 0.767144 0.704899 | 0.65562992 | 0.615473 | 0.581979
0.8 0.953724 | 0.824182 0.735283 0.669987 | 0.61966203 | 0.579461 | 0.5464459
0.9 0.94628 | 0.804796 0.711509 0.644787 | 0.59431423 | 0.554543 | 0.5222171
1 0.939663 | 0.790049 0.694214 0.626931 | 0.57667906 | 0.537442 | 0.505764
1.5 0.919306 | 0.757311 0.658924 0.592072 | 0.54321474 | 0.505638 | 0.4756272
2 0.912214 | 0.749992 0.652074 0.585781 | 0.53744187 | 0.500319 | 0.4707014
Rm2- verses h/b for ' =0.1
1.2
1
0.8
N
g 0.6
o
0.4
0.2
0
0 0.5 1 1.5 2.5
h/b
——A=0 A=10 A=20 A=30 ——A=40 ——A=50 ——A=60
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Table 33 Rm2- verses h/b for [ = 0.5
h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 1.000046 | 1.000046 1.000046 1.000046 | 1.00004559 | 1.000046 | 1.0000456
0.1 0.999963 | 0.999498 0.999035 0.998573 | 0.99811294 | 0.997654 | 0.997196
0.2 0.999383 | 0.995526 0.991745 0.988037 | 0.9844002 | 0.980832 | 0.9773291
0.3 0.997824 | 0.985128 0.973116 0.961726 | 0.95090338 | 0.940601 | 0.9307767
04 0.994609 | 0.966916 0.941959 0.919302 | 0.89860103 | 0.879578 | 0.862007
0.5 0.988517 | 0.940873 0.900237 0.86502 | 0.83408927 | 0.806617 | 0.7819828
0.6 0.978367 | 0.908028 0.851372 0.804467 | 0.76478381 | 0.73062 | 0.7007833
0.7 0.963673 | 0.870403 0.799395 0.743092 | 0.69705725 | 0.658509 | 0.6256089
0.8 0.944797 | 0.830558 0.748089 0.685201 | 0.63529749 | 0.59449 0.56033
0.9 0.922733 | 0.790946 0.700263 0.633409 | 0.5816771 | 0.540194 | 0.5060076
1 0.898769 | 0.753447 0.657515 0.588755 | 0.53662586 | 0.495469 | 0.4619664
1.5 0.78691 | 0.620045 0.521875 0.456457 | 0.40929672 | 0.373411 | 0.34501
2 0.720646 | 0.559773 0.467866 0.407656 | 0.36472359 | 0.3323 | 0.3067786

Rm2- verses h/b for = 0.5

1.2
1 -
N
g 0.6
o
0.4
0.2
0
0 0.5 1 15 2 2.5
h/b
—A=0 A=10 A=20 A=30 —A=40 ——A=50 —A=60

Rv2, the stress and deflections are the same just C2 is different

o
Rv2 = —f 4
- W, (mn) 2 @mn 1 C2 .
+T(1+F)2+T(1+F)25ma"b_2k"’4fmsma"b _ )
= Z CHE sina, b*.............159
n=1 m + anA
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And the stress at x = 0 we have
Table 34 Rv 2 verses h/b for[=0.1, b = b*

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60

1E-13 | 0.999755 | 0.999755 | 0.999755 | 0.999755 | 0.99975487 | 0.999755 | 0.9997549

0.1 0.985215 | 0.988204 | 0.991185 | 0.994158 | 0.99712304 | 1.00008 | 1.0030292

0.2 0.966849 | 0.973095 | 0.979205 | 0.985183 | 0.99103492 | 0.996763 | 1.002371

0.3 0.951827 | 0.956682 | 0.961149 | 0.965266 | 0.96906474 | 0.972574 | 0.9758186

0.4 0.941455 | 0.941291 | 0.940826 | 0.940124 | 0.93923742 | 0.938205 | 0.9370565

0.5 0.934249 | 0.927336 | 0.921055 | 0.915285 | 0.90993902 | 0.904952 | 0.9002726

0.6 0.92902 | 0.91524 | 0.903871 | 0.894194 | 0.88576276 | 0.878285 | 0.8715588

0.7 0.925027 | 0.905283 | 0.890127 | 0.87789 | 0.86764869 | 0.858845 | 0.8511223

0.8 0.92186 | 0.897451 | 0.879727 | 0.865955 | 0.85474153 | 0.845298 | 0.8371429

0.9 0.919299 | 0.891496 | 0.872124 | 0.857473 | 0.84576337 | 0.836033 | 0.8277131

1 0.917218 | 0.88707 | 0.866675 | 0.851533 | 0.83958133 | 0.829735 | 0.8213672

1.5 0.911498 | 0.87757 | 0.855806 | 0.840153 | 0.82804505 | 0.818203 | 0.8099158

2 0.909658 | 0.875525 | 0.853757 | 0.838151 | 0.82610163 | 0.816318 | 0.8080845

Rv 2 verses h/b for=0.1, b = b*

1.2
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S 06
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Table 35 Rv 2 verses h/b for[ = 0.5, b = b*

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 0.999909 | 0.999909 | 0.999909 | 0.999909 | 0.99990883 | 0.999909 | 0.9999088
0.1 0.985886 | 0.990138 | 0.994382 | 0.998618 | 1.00284491 | 1.007063 | 1.0112731
0.2 0.971833 | 0.98364 | 0.995266 | 1.006716 | 1.01799517 | 1.029108 | 1.0400582
0.3 0.957787 | 0.974905 | 0.991179 | 1.006678 | 1.02146154 | 1.035583 | 1.0490895
0.4 0.943192 | 0.960844 | 0.976478 | 0.990414 | 1.00290753 | 1.014163 | 1.0243483
0.5 0.927158 | 0.939756 | 0.949414 | 0.95686 | 0.96260191 | 0.967012 | 0.9703628
0.6 0.90952 | 0.912056 | 0.912083 | 0.91048 | 0.90779517 | 0.904384 | 0.9004858
0.7 0.890587 | 0.879939 | 0.869068 | 0.85831 | 0.84782816 | 0.837701 | 0.8279602
0.8 0.870787 | 0.846125 | 0.825072 | 0.806581 | 0.79003625 | 0.775042 | 0.7613247
0.9 0.850617 | 0.812949 | 0.783515 | 0.759239 | 0.73851278 | 0.720397 | 0.704293
1 0.830625 | 0.782014 | 0.746289 | 0.718062 | 0.69471377 | 0.674797 | 0.6574295
1.5 0.747966 | 0.675728 | 0.629668 | 0.596503 | 0.57081036 | 0.549934 | 0.5324004
2 0.702596 | 0.629614 | 0.584516 | 0.552628 | 0.52821315 | 0.508533 | 0.4921012
Rv 2 verses h/b for[ =0.5, b = b*
1.2
1 -
E 0.6
0.4
0.2
0
0 0.5 1 15 2 2.5
h/b
——A=0 A=10 A=20 A=30 ——A=40 ——A=50 ——A=60
W, 2sina,b mn 2 .
o 24+ = sina, b
&=Sft2=ZZkA +q+F nm +F(1+F)0.5qb2 n
A CLOMN Y
- (1+71)3 n
- W, 2sina,b
— Z (—" 4+-—"= ) ..160
q ' nm
n=1
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And the stress at x = b + ¢ we have

W,  2sina,b mm c2 .
) q 77T T nnn + I['(1+T)0.5gb? sinay b
Reaction = Z 2k, A CoSs a, NT
= T’ ok,a
a+n3
- 2 sina, b
;( I )cos 000 PR 0 X |
Table 36 Stress 2 at x =0 verses h/b for =0.1

h/b A=0 A=10 A=20 A=30 A=40 A=50 A=60
1E-13 -0.99932 -0.99932 -0.99932 -0.99932 | -0.9993212 -0.99932 | -0.999321
0.1 -0.99938 -0.99772 -0.99606 -0.99441 | -0.9927604 -0.99112 | -0.989482
0.2 -0.99934 -0.98617 -0.97334 -0.96085 | -0.9486707 -0.9368 -0.925223
0.3 -1.00008 -0.95615 -0.91579 -0.87861 -0.844263 -0.81246 | -0.782946
04 -1.00565 -0.90896 -0.82704 -0.75706 | -0.6968191 -0.6446 -0.599061
0.5 -1.01221 -0.85111 -0.72597 -0.62697 | -0.5474656 -0.48277 | -0.429533
0.6 -1.01401 -0.78973 -0.62924 -0.51071 | -0.4210125 -0.35179 -0.29751
0.7 -1.00978 -0.73185 -0.54656 -0.41718 | -0.3237566 -0.25458 | -0.202333
0.8 -1.00104 -0.68192 -0.48089 -0.34642 | -0.2526878 -0.18538 | -0.135972
0.9 -0.98992 -0.64139 -0.43106 -0.29473 | -0.2020917 -0.13704 | -0.090283
1 -0.97814 -0.60975 -0.39425 -0.25766 | -0.1665082 -0.10351 | -0.058921
1.5 -0.93391 -0.53617 -0.31676 -0.18334 -0.097263 -0.03959 | 4.009E-06
2 -0.91639 -0.51867 -0.30092 -0.16926 -0.084728 -0.02836 0.010134

Stress 2

Stress 2 and reaction at x = 0 verses h/b for [ = 0.1

0.2

-0.2

-0.4
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0.5

A=20
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A=30 =——A=40 =—A=50 =—A=60
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Stress 2 and reaction at[ =0.1, h/b =0.5
12

10

) . =

Stress 2
S

O
-1.5 : -0. }

—A=0 —A=10 —A=20 A=30 —A=40 ——A=50 —A=60

Stress 2 and reactionat=0.1, h/b=1

10

Stress 2

—A=0 =—A=10 —A=20 A=30 =—A=40 —A=50 —A=60
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Table 37 Stress 2 at x = 0 verses h/b for = 0.5

h/b A=0 A=10 A=20 A=30 A=40 A=50 A =60
1E-13 -0.99989 -0.99989 | -0.99989 | -0.99989 | -0.9998898 | -0.99989 | -0.99989
0.1 -0.99993 -0.99826 -0.9966 | -0.99495 | -0.9933039 | -0.99166 | -0.990025
0.2 -0.99988 -0.98671 | -0.97388 | -0.96138 | -0.9491991 | -0.93733 | -0.925749
0.3 -1.00049 -0.95634 | -0.91574 | -0.87831 | -0.8437173 | -0.81168 | -0.781942
0.4 -1.00831 -0.9119 -0.8296 | -0.75884 | -0.6975885 | -0.64426 | -0.597577
0.5 -1.0234 -0.86624 | -0.74171 | -0.64156 | -0.5599918 | -0.49283 | -0.437022
0.6 -1.03734 -0.82317 | -0.66485 | -0.54483 | -0.4520182 | -0.37907 | -0.320973
0.7 -1.04297 -0.7812 -0.59945 | -0.46853 | -0.3715531 | -0.29815 | -0.241633
0.8 -1.03763 -0.73901 | -0.54297 | -0.40772 | -0.3110309 | -0.24003 | -0.186802
0.9 -1.02208 -0.69685 | -0.49353 | -0.35826 | -0.2642978 | -0.19695 | -0.14753
1 -0.99879 -0.65584 | -0.45024 | -0.31747 | -0.2273597 | -0.16402 | -0.118324
1.5 -0.85212 -0.4977 -0.30891 | -0.19644 | -0.12471 | -0.07687 | -0.043986
2 -0.75185 -0.41933 | -0.24809 | -0.14846 | -0.0861497 | -0.04535 | -0.017833
Stress 2 at x = 0 verses h/b for [ = 0.5
0
0 0.5 2.5
-0.2
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Stress 2 and reaction at = 0.5, h/b =0.5
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1
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3 0
-2.5 -2 15 1 -0.5 0 0.5 15 2 2.5
-1.5
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—pA=() =———A=10 =—A=20 A=30 =——A=40 =———A=50 oe—aA =060
Stress 2 and reaction at =0.5, h/b=1.0
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1
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The deflection does not take into account the moment of inertia of the elastic media, so it is

conservative. But for a media such as soils where tension is not allowed it is accurate and useful.

6/602atl=0.1,h/b=0.5
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Once D is found the stresses with g = 0 are:

n
- Z cos a, x [(anD + wpwy, + (bpD + wyowy) ———< a+D Z) ey

n=

S

mn y) R —— 2_q51n a, b]

+ (D + +D—™
(C" WnsWn TP r nm

mn
=k, z COS Oy X [(a D +wy,w, + (b,D + anwn)mZ) en¥

mm X) o—ny _ 2_qsm a, b]
1+0D)b

+ (an + wpsw, + D

0

+ 2k, z cos ap x[(byD + wyowy)e Y — De™ Y] —b<x<b.....165
n=¢

' nm

n
= Z sina, x [(an + b,)D + wpaw, + wyowy, + (b, D + wyowy,) —X) ey

@+Db»b
n=
Y m o y\ _
+<_(Cn_1)D_Wn3Wn mb)e any] —b<x<b...... 166
D = _ Sapvp wi,
Pl W, 2sina,b c2
W,  2sina, N .
_ 2kaA Tttt TTA+1)05qh2 S %D Wi
R GNP dn
(1+71)3 n
Where:

w1, = (Wnl —Wn2 — Wn3)Wn
an = —[ca(1 + 2a,h) + 2a2h*|e~ 20k

b, = [2¢c, — 1 + 2a,h]e~2%n"
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2a2h?e2anh
(1 = 2a,h)e2anh — 1

c, =1+

d,=a,—b,—c,—1

a, + cp
k, = —
n dn
(an + cn)(Wp1 — Wy — Wpg)W.
Wo=— . (Zn _r;)n — C: — 1)n =+ (Wn1 + Wns)wy,
W1 = —Wps(1 + 2a,h)e 2% — (1 + a,h)e %"

Wy = 2W,ze 20/ 4 g=@nh
a,he= %"
(1 —2a,h)e2anh — 1

Wn3 =

Rewrite for the excel sheet

< m oy
o, = — Z COS Ay X [(anlD + Wy Wy, + (b D + Wy wy) mg>
n=¢
D+ +p " y) -”+2qsmanb] b<x<bh....168
— nY 4 — — X
* (C” WnsWn TV B) I nm

@ m y
=k, z COS ap X [(anlD + Wn11Wn + (bn1D + Wi wy) ——— a+D b)
n=

mn y)e‘“ Ly _2_q51nan b]

D—0—n~H" 2
+ (C"D T WnsWn + DG r nm

[ee]

+ 2k, Z cos &, X[ (b D + Wy wy) —De Y] —b<x<b.....169
n=¢

= mm y
Z sin ap X [(anl + bnl)D + Wn11Wn + Wn21Wn + (bnlD + Wn21Wn) mg) ey
n=¢

m y
1+0D)b

+(—(Cn—1)D—Wn3Wn )e‘“ﬂy] —-b<x<bh........170

Ay = ane® = —[c, (1 + 2a,h) + 2a2h*|e ="

bpy = bye™" = [2¢, — 1 + 2a,hle %"
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Wpi1 = Wpie@h = —w, o (1 + 2a,h)e ™" — (1 + a,h)

Wypq = Wppe® = 2w, e %/ 4+ 1

Example 6:

In example 2 we used a 30 ft wall to approximate an infinite wall. When redoing the calculation
with #/b =15 and 4 = 141 Rm- = 0.2846 is close to the example = 0.28453 but Rv = 0.59241
verses 0.592369. For 4 = 20 Rm- = 0.6484456 is close to the example Rm- = 0.648373 but Rv =
0.833056 verses 0.833077. Part of the reason is in example 1, » max was 20,000 where in the
posted excel sheet » max was 5,000 and % has an effect.

Example 7:

A concrete culvert has a top deck slab 15 ft span fixed end 12” thick with 10 ft of soils on top.
The load is 100 psf live load and dead load of soils + beam = 120x10 +150 = 1350 psf we use s =
12” v =0.3 1/3=Es/(1-v*) =1111 psi Ec = E = 57000v3000 = 3,122,018.58 psi. So, A = 0.900769, h/b
=1.3333 and t/b =0.5. Rm 1 -=0.9770204 Rm 2 - = 0.8005702. So factored negative moment =
1.6*(1.350*0.9770204 +0.100*0.8005702) *15*15/12 = 41.97 Kips-ft. Rm 1 +=0.9639418 Rm
2 +=0.8281587. The factored positive moment = 1.6*(1.350*0.9639418+0.100*0.8281587)
*15*15/24 = 20.76 Kips-ft. The shear at x=0.867b Rv1=0.8526281 Rv 2 =0.6817198. The
factored shear = 1.6%(1.350*0.8526281 + 0.100*0.6817198) *15/2 = 14.63 kips and the top
deck ready to be designed provide adding the axial load. We note that all the stresses are in
compression in the region -b < x < b and 0 < y < 9.75 ft. And because we assumed t/b = 0.5 for
x>b the deflection is zero then for x>b, all stresses are in compression and for -b<x<b is all
compression then this solution is applicable for soil.

Example 8:

An existing floor sitting on a steel beam W14x30. The span is 25 ft q = 1.6 kip/ft was designed
with ASD the old methods. It is a fixed end beam. Thus, Mmax = 1.6%¥25%/12 = 83.33 kip-ft. The
required section modulus for a compact beam is = 83.33*12/24 = 41.67 < 42 in® The properties
of the beam A = 8.85 in? Sx = 42 in® and | = 291 in*. The beam sits on HSS6x6 column.

In a renovation the floor was elevated 6 inches by the architect request so a 6-inch plate one inch
thick was used to tack weld to the steel beam usually it is a T section. We will demonstrate the
load is not uniform anymore and arching reduction takes place. We have 4 =5799 /b =0.02 b =
12.5v=0.3. Es = E = 29,000,000 psi and they cancel each other in 4. We find that Rm2- =
0.9679295 a 3.2% reduction. See graph for the new distribution of stress, so it is not uniform
anymore.
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Example 9:
A glulam beam is fixed at the ends. The beam is 5.5” x 24” spans 40 ft to support a floor load g =
468 Ibs/ft and the weight of the beam p = 32.08 Ibs/ft. Thus, the moment is (¢ + p) L*/12 =
66,677.78 ft-lbs. The required section modulus for Fb = 2400 psi is 333.39 in® Fv = 165 psi and
the required area = 81.83 in” the shear a 2 ft from the support or 0.9 is 9001.44 Ibs this is with
no arching. The section modulus of the beam is 528 in? and the area = 132 in?, the beam was
chosen to give 0.51-inch deflection at the center, so the beam is OK using conventional methods.
Now we consider arching so we take 17 inches for /4 the mass media and 7 inch is the beam
under the mass media. Giving I = 157.21 in* and E cancels Es so 4 = 241819.2 with s = 5.5-inch
b =240 inches. We assume the column is a HSS3x3 with a 4”x 4” plate for a 20003.2 lbs
reaction. Thus I" = #/b = 2/240 = 0.008333 and /4/b = 17/240 = 0.0708. This gives Rm1- =
0.1232561 and Rvl =0.2922825 taken at x = 0.9708b Rm2- = 0.1230694 and Rv2 = 0.2919907.
The section modulus for a 7-inch beam is 44.92 in® and the area = 38.5 in%. Thus, the moment =
(32.03*0.1232561+ 468%0.1230694) *40? / 12 = 8205.91 Ibs-ft we get the required new section
modulus of 41.03 < 44.92 in®. For the shear at x = 0.9708b is V = (32.03*0.2922825 + 468*
0.2919907) *40/2 = 2920.27 Ibs we get the required area = 26.55 in? < 38.5.The strength is fine.
If we look at the stress at x = 19.97 ft, y = 0 and is also close to y = 17-inch 0x 1 /p =-106.948
and 0x 2/q =-356.929. Or fb = (32.03*106.948+ 468%356.929)/(12*5.5) = 2582.85 psi > 2400 psi
this is also on top of the elastic media so the fb of the beam without arching =
66,677.78%12/528 = 1515.24 psi. In here v was taken as 0.3 so Ko 1 = 0.3 and Ko 2 = 1.0. If we
look at Ko 2 = 0.3 for a rough surface contact, we have 0x 1 /p =-106.948 and 0x 2/q = -107.079.
Or fb = (32.03%106.948 + 468*107.079)/(12*5.5) = 811.188 psi < 1515.24 psi and the beam
appears stronger.
Even if we make the beam 10-inch high and the elastic media 14-inch high for maximum stress,
A = 82944 the stress at x =19.97, y =0 and is also close to y = 17-inch 0x 1 /p =-111.087 and 0x
2/q=-370.808. Or fb = (32.03*111.087 + 468*370.808)/(12*5.5) = 2683 psi this is with Ko 2=
1.0. It is rare to have a smooth surface and Ko 2 is not 1.0. If we look at Ko 2 = 0.3 for a rough
surface contact, we have 0x 1 /p =-111.087 and 0x 2/q =-111.242. Or fb = (32.03*111.087 +
468%111.242)/ (12*5.5) = 842.72 psi and the beam appear stronger.

112



Note: to calculate the reserve stress in a beam due to arching it is case by case because every
beam is different.

Other solutions:

If solve for the coefficients 4, B, C and D by setting ox at x = t+b equal zero instead of setting
the shear at y = 0 equal to zero and proceed with the derivation we can obtain the solution of
Figure 4. If this is not possible than subtracting ox at x = t+b is required. It is expected there will
be more deflections and arching. Also, for unequaled span one can use the shorter span as an
approximation to find the solution the domain of the Fourier series must be revised.

Future Work:

The solution for seismic moment will introduce a Fourier sine series in the deflection and the
entire solution must be revised. It is left for future articles to cover other conditions such as a
point load for live load and moments in the beam. Also, if add a beam at y - & we can solve the
problem for a wide flange beam where the flanges are the beams and the web is the mass media.

Conclusion:

It is evident from the charts that / is proportional to the arching reduction obtained. This article
is worthy of or a candidate for a Ph. D. dissertation. The future research would involve systems’
optimization with arching for any beam. The dividends of this research will produce great
benefits for structural designs, not just for the Army Corps of Engineers, but for all Federal
agencies, including the Forest Service, Aerospace Engineering (Air force), and Naval
Architectures (Navy). The application in civil engineering includes culverts with ribs, tunneling
with ribs, bridges with ribs, masonry buildings, concrete buildings, steel buildings and timber
structures. The application in Aerospace and Naval Architectures is in reducing the weight of
materials.

Reducing construction materials reduces energy consumption which reduces construction costs.
In shoring and excavation systems, a 50% reduction from the empirical formula due to arching
gives a 30% (V.5) reduction in materials (i.e. wood lagging over the entire face of the wall). This
results in, approximately, a 15% reduction in total cost. Preliminary designs for deep culverts
show 20% reduction in construction cost due to utilizing arching. If there is a reduction of 20%
due to arching, as realized in the above charts for a moderate 4 for live or dead loads, then an
average of 10% (V.8) reduction in materials can be achieved for most applications.

Can we say we caution most buildings in the world are safe because arching was never
considered provided, they are designed with some code?
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