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Introduction:

Jarquio and Jarquio (1983) [2] attempt to introduce the exact equations of the vertical stress under the
footing by performing integration of the basic Boussinesq’s (1885) [1] equation for a point load as
applied to a rectangular area load with a triangular load. Unfortunately, as seen in this paper, they are
incomplete and the original equation used by Jarquio and Jarquio for rectangular area is incorrect.

When referring to the article published on the web “Stresses and Surcharge Stresses due to Plane
Loading on Skewed Footings” by the author http://www.facsystems.com/Surcharge.pdf the stresses on
the corners of the footing can be easily derived. In this article the stresses under the corners of the
footing are addressed.

Point Load:

The most important original solution was given by Boussinesq (1885) [1] for the distribution of
stresses within a linear elastic half-space resulting from a point load applied normal to the surface,
illustrated in Fig. 1. The results obtained were
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Where u is Poisson’s ratio and other quantities in the equations are defined in Fig. 1. These stresses are
the stresses which would occur in a weightless linear elastic medium. Preexisting stress due to the
weight of the material must be superimposed upon these.
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Fig. 1 Stresses in elastic half-space due to point load at the surface.

Rewriting the equation in terms of x and y using:
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The Boussinesq stresses becomes Set#1 +Set#2. Part of the reason of setting the solution in this
manner, is when y = .5 the second set disappears. An example u = .5 for rubber.

Deriving the Stresses for Plane Loading on Footings:
To integrate Boussinesq equations using superimposition we have basically three types of loadings as
in Fig. 2, 3,4 and 5. The basic idea is to translate the point load equations in the x axis by & and in the

y axis by A ,as seen in the figures, then integrate with respect to & and 4 over the footing 2a by 2b
from c—a to c+a and d-b to d+b where the center of the footing is located at the coordinate (c, d, 0).
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Fig. 2 Uniform Load ¢ on 2b x 2a Footing

Fig. 3 Plane Load for p; in x on 2b x 2a Footing




Fig. 4 Plane Load for p, in y on 2b x 2a Footing

Fig. 5 Plane Load on 2b x 2a Footing

Thus we have three functions to integrate:
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And the three integrations over Boussinesq equations with respect to & and A become:
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Where o, is the Boussinesq stress equations 6 to 14 in x, y and z respectively and i represents the x, y, z

stress components and directions. Also the x is replaced by x —& and the y is replaced by y — 1 due to

the translation of the axis. Now, translate the x axis back by -c¢ and the y axis back by -d and the center
of the footing becomes the origin of the axis. The equations become
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Now we change variable by letting & =c+¢& and A =d+1 so dé =d& and dA =dJ and the
equations become:
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Finallywelet u=x—-¢ and v=y-A4 so du=dx and dv=dyand the equations become
much simpler to integrate and to keep track, and they are:
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Now combine all the constants together and separate from the line equation yields:
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The total stress becomes o, = o, +0,, + 0,; + 0,, + 0,5 + 0, , where the following equations 33 to 60
has to be evaluated from u=x+a to u=x-—a firstthen from v=y+b to v=y—b second. The
result at x = a and y = b, the corner circled 1 in Fig. 5 or the corner with the stress at equal
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Note: equations 33 to 38 matches Holl (1940) [3] for stress beneath corner of the rectangle with the
exception of equation 35 a sign difference to be an error in Holl’s derivation in Poulos & Davis as a
typo publication. Also numerical calculations were performed for 33 to 41 and the solution matches
Giroud (1970) [3]. Appendix A gives the solution in a simpler form, following Holl presentation.



To find the stress under the other corner of the footing it is easier to change the sign in p; and p; so:
for stresses on corner circled 2 in Fig. 5 change p; to -p; in all the equations 33 to 59
for stresses on corner circled 3 in Fig. 5 change p» to -p; in all the equations 33 to 59

for stresses on corner circled 4 in Fig. 5 change p; to -p; and change p, to -p, in all the equations 33 to
59

The result is summarized in the spread sheet stresscorner.xls for the stresses.

Conclusion
The solution for stresses underneath the corner of a rectangular footing due to a footing that has a plane
loading equation are found by integrating Boussinesq equations.

APPENDIX A

To gives the solution in a simpler form, following Holl (1940) [3] presentation:

Let n=2a, m=2b, R ,=~n>+z", R,=+m’+z> and R, =~+/n’> +m’ +z* and substitute in

equation 33 to 59 yields:
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